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Coarse-Graining Complex Networks for Control Equivalence
Daniele Toller , Mirco Tribastone , Max Tschaikowski , and Andrea Vandin

Abstract—The ability to control complex networks is of crucial
importance across a wide range of applications in natural and
engineering sciences. However, issues of both theoretical and
numerical nature introduce fundamental limitations to controlling
large-scale networks. In this article, we cope with this problem by
introducing a coarse-graining algorithm. It leads to an aggregated
network which satisfies control equivalence, i.e., such that the
optimal control values for the original network can be exactly re-
covered from those of the aggregated one. The algorithm is based
on a partition refinement method originally devised for systems of
ordinary differential equations, here extended and applied to linear
dynamics on complex networks. Using a number of benchmarks
from the literature we show considerable reductions across a va-
riety of networks from biology, ecology, engineering, and social
sciences.

Index Terms—Control systems, costs, linear systems, mathe-
matical models, optimal control, reduced order systems.

I. INTRODUCTION

A large variety of complex systems of biological, ecological, social,
and technological nature can be conveniently modeled as networks.
Their dynamics can thus be studied as a (typically high-dimensional)
system of differential equations where the evolution of each node
depends on how it is connected to its neighbors and how it responds
to external stimuli. Network control, i.e., the ability to steer the sys-
tem toward a desired target behavior, is of crucial importance both
theoretically and practically [1]. This involves two main steps [2]:
1) Determining through which nodes to input a control action; and
2) finding the actual values of the inputs.

Network science has made fundamental progress with approaches
that identify a minimum subset of nodes to use as drivers in order
to achieve control of the system, e.g., [3], [4], [5], and [6]. The
actual computation of a control law is usually a nontrivial task [7],
[8]. For example, using standard results from systems theory [9], the
controls that minimize energy dissipation can be computed explicitly in
networks with linear dynamics. However, this involves the inversion of
the controllability matrix, which ultimately gives a cubic dependency
of the computational cost with the cardinality of the network [10].
Furthermore, the realizability of explicit solutions may be hindered in
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practice by numerical ill-conditioning of the controllability matrix [11],
by physical constraints that preclude the use of arbitrarily large input
signals [10], [12], or control trajectories that evolve far away in the
state space [13], [14]. Overall, these issues have been recognized as
fundamental limitations to controlling large networks [1], [11]. Across
many branches of science and engineering, coarse graining is a typ-
ical strategy to cope with large-scale, intractable problems. Broadly
speaking, it can be defined as an approach that maps a model onto a
simpler one on which the analysis can be carried out more efficiently.
Here, we propose a coarse-graining algorithm for complex networks,
which preserves the control trajectories and the computation of optimal
control values.

Although our ultimate goal is the control of networks with nonlinear
dynamics, the study of the linear case is a fundamental step in this
endeavor. We follow the standard setting [1] whereby the linear dy-
namical system induced by a network with N nodes and adjacency
matrix A ∈ RN×N is given as follows:

∂tx(t) = Ax(t) +Bu(t) (1)

where x(t) ∈ RN is network’s state at time t, B ∈ RN×K is the input
matrix, andu(t) ∈ RK is the control input. The columns ofB are given
by K different unit vectors and describe the fact that K nodes in the
network are driver nodes, each with its own distinct control input [4];
the remaining N −K nodes, instead, are not controlled. We assume
that u(t) is bounded, which can thus take into account constraints for
physical realizability [10], [12], [15].

In this context, the synthesis of a control law can be phrased as a
problem of minimizing a cost function using u(t) as the set of decision
variables and (1) as the constraints. We consider a rather general cost
function in the following:

J(x[0], u, T ) = F (x(T )) +

∫ T

0

[S(t, x(t)) +Q(t, u(t))] dt (2)

where the function F , called the final cost, may be used to steer
the system toward a given target state at final time T ; the integrand
R = S +Q is called the running cost. Note that, the above integral is
computed along the trajectory x(t) determined by the initial condition
x[0] and the control input u. This covers the classical setting where
only the energy of the control is to be minimized [1]; the term S allows
for objectives where one is interested in driving the system toward a
desired trajectory [1], possibly in a targeted fashion where only a subset
of the state space, and not full control, is of interest, for instance [6]
and [16].

Our method partitions the nodes of a network into n ≤ N macron-
odes and builds a coarse-grained adjacency matrix Â ∈ Rn×n and input
matrix B̂ ∈ Rn×k, where k ≤ K is the number of macroinputs. The
state of the coarse-grained network x̂(t) ∈ Rn is the solution of the
following system:

∂tx̂(t) = Âx̂(t) + B̂û(t) (3)

and û(t) ∈ Rk is the control macroinput. The partition is such that each
macrostate of the coarse-grained network exactly preserves the sum of
the values of the corresponding states in the original network whenever
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each macroinput is equal to the sum of the corresponding original input
values.

Here we introduce control equivalence, a property that guarantees
the preservation of optimal costs. For this, we assume that the cost func-
tional in (2) can be equivalently rewritten in terms of a cost functional
Ĵ(x̂, û, T ) that depends on the coarse-grained model. Under these con-
ditions, the solution of the control problem for minimizing Ĵ(x̂, û, T )
with the constraints given from (3) is such that one can recover a
mapping from the optimal macroinputs û∗(t) to optimal original inputs
u∗(t) that give rise to the optimal trajectory in (1). With this, the analysis
of the original control problem can be entirely circumvented. Control
equivalence can be computed using the partition-refinement algorithm
defined in [17]. The algorithm provides the reduction as the coarsest
partition that refines an initial candidate partition, iteratively splitting
its blocks until certain criteria are met [17], [18]. As a straightforward
consequence of this fact, from the computational complexity analysis
in [17] we obtain that control equivalence can be computed efficiently
in O(E logN) time, where E is the number of nonzero entries in
A. The initial partition may be arbitrarily chosen. Similarly to the
other applications of partition refinement [19], [20], [21], [22], this
freedom permits certain state variables to be kept observable in the
coarse-grained model. For example, let us assume that the original cost
function J(x, u, T ) only concerns a given state component xi; then,
one can ensure by construction that the coarse-grained cost function
Ĵ(x̂, û, T ) can be written in terms of xi by placing it in an initial
singleton block for the partition-refinement algorithm.

Results: Our main technical contribution is a characterization result.
Here, we prove that the reduction provided by our reduction algorithm
is maximal in the sense that there exists no coarser refinement of a
given initial partition, which yields an optimality-preserving reduction.
In addition, to the technical result, we conduct a large-scale evaluation
of our framework on networks from public repositories. Here, the main
finding is that networks that are controlled by a minimal set of driver
nodes, as computed through [4], often allow for further substantial
optimality-preserving reductions.

Notation: We denote by N and K, respectively, the number of nodes
and driver nodes in the original network; similarly, n ≤ N and k ≤ K
have the respective meaning in the reduced network. The respective
dynamics of the original and the reduced networks are described by (1)
and (3), where x, x̂ are state vectors, while u, û are control vectors.
Letters i, j denote node indices, l, l′ refer to control inputs, H,H′ refer
to partitions of {1, . . . , N}, whileH,H ′ to partition blocks. A partition
H is said to refine a partitionH′ if every blockH ′ ∈ H′ can be expressed
in terms of a disjoint union of blocks from H. Note that H is a trivial
refinement of itself. Likewise, {{1, . . . , N}} and {{i} | 1 ≤ i ≤ N}
are considered to be trivial partitions because the former aggregates all
nodes to a single one, while the latter does not aggregate anything.

II. RELATED WORK

The preservation of uncontrolled dynamics up to sums of variables
has been addressed by the notion of forward equivalence [17] for linear
and nonlinear systems of ordinary differential equations (ODEs). By
extending the approach from [17] to controlled systems, the present
work can be related to the aggregation of control systems from late
1960s [23]; while [23] relates to control equivalence, a method for
computing is not provided.

More closely related is the bisimulation/abstraction of control sys-
tems [24], [25], [26] where the largest bisimulation gives rise to the
smallest reduced control system, which coincides with the original one
up to a given observation map. The main similarity with the bisimulation
approaches is that control equivalence computes such an observation

map, for which, in particular, the reduced system can be shown to be a
so-called consistent implementable abstraction of the original one [27].

To our knowledge, a (nonunique dimension-based) computation of
observation maps has been addressed in the case with unbounded
control domains [27]. Being described by systems of linear equations, it
relies on matrix transformations and has, thus, a cubic time complexity
in the number of nodes. Control equivalence, instead, is described by
structural properties [28], [29] that are used in the computation of graph
isomorphisms [30, Definition 5]. Hence, while considering a smaller
class of observation maps than bisimulation, control equivalence avoids
matrix transformations and enjoys a quasilinear time complexity in the
number of edges; moreover, it considers bounded control domains.

A less closely related work is that of balanced truncation and its
extensions, see for instance [31, Chapter 9] and [32]. This is be-
cause the respective reductions are not exact and the control domains
are unbounded; in addition, they have cubic time complexity [31].
Bisimulation approaches which have been also studied for nonlinear
systems [24], [25], [33], [34], are, however, computationally more
demanding than the respective linear counterparts.

The present work also relates too approaches from network science.
We mention in particular spectral coarse graining [5], which merges
nodes with the same or similar eigenvector components and that was
shown to be effective for maintaining the synchronizability by sim-
ulation experiments. From control engineering perspective, synchro-
nizability can be tied to forward invariance which is complementary
to control equivalence and bisimulation [35]. Less closely related are
topology- and degree-based graining approaches, see [36], [37], and
[38] and references therein.

III. CONTROL EQUIVALENCE

For two vectors m ∈ RK and M ∈ RK with respective lth entries
ml ≤ Ml for every l = 1, . . . ,K, consider the real interval [ml;Ml] ⊆
R and the K-dimensional cube

[m;M ] =

K∏
l=1

[ml;Ml] ⊆ RK .

We consider control inputs u(·) ∈ [m;M ], meaning that u : R →
[m;M ] is a measurable function with range [m;M ].

Definition 1 (Optimal costs): Given a matrix A ∈ RN×N and a
measurable control inputu(·) ∈ [m;M ], we denote the value functional
at time T ∈ R when starting at x[0] ∈ RN as follows:

Ju(x[0], T ) = F (xu(T )) +

∫ T

0

R (t, xu(t), u(t)) dt

where xu is the solution of (1), with initial condition x[0], while F is
the final cost function, and R = S +Q is the running cost function.
With this, the optimal costs at time T when starting at x[0] ∈ RN are
given by the following value functions:

V inf(x[0], T ) = inf{Ju(x[0], T ) | u : R → [m;M ]}
V sup(x[0], T ) = sup{Ju(x[0], T ) | u : R → [m;M ]}

where the control inputs u(·) are measurable.
In the following, we shall use the simple network provided in Fig. 1

to explain the main concepts.
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Fig. 1. Simple controlled network which will be used as a running
example. Solid lines describe entries of the adjacency matrix, whereas
dashed lines signify control inputs.

Example, Part 1: Equation (1) of the network from Fig. 1 is as
follows:⎛

⎜⎝∂tx1

∂tx2

∂tx3

⎞
⎟⎠ =

⎛
⎜⎝0 1

2
1
2

1
4

0 0
1
2

0 0

⎞
⎟⎠

︸ ︷︷ ︸
A=

⎛
⎜⎝x1

x2

x3

⎞
⎟⎠+

⎛
⎜⎝0 0

1 0

0 1

⎞
⎟⎠

︸ ︷︷ ︸
B=

(
u1

u2

)
.

As next, we introduce control equivalence. For a set H , we denote
its cardinality by |H|.

Definition 2 (Control Equivalence): Consider the system of ODEs
in (1). A control equivalence of this system is a partition H whose
aggregation matrixL = L(H) and the corresponding right inverse L̄ =
L̄(H) satisfy LA = LAL̄L. Specifically, L ∈ Rn×N and L̄ ∈ RN×n

are such that
1) The ith row of L encodes the ith block of H by setting Li,j = 1 if

j ∈ Hi and zero otherwise;
2) The ith column of L̄ encodes the ith block of H by setting L̄j,i =

1/|Hi| if j ∈ Hi and zero otherwise.
When the partition H is clear from the context, we omit the depen-

dence on H in L(H) and L̄(H).
Example, Part 2: In the case of the network from Fig. 1, it is easy

to see that the trivial partition {{1, 2, 3}} is not a control equivalence,
which corresponds to the impossibility of aggregating all nodes to-
gether. On the other hand, the partitionH = {H1,H2}= {{2, 3}, {1}}
is a control equivalence (intuitively: it is possible to aggregate the nodes
2 and 3). This can be seen by checking that the matrices

L =

(
0 1 1

1 0 0

)
and L̄ =

⎛
⎜⎝0 1

1
2

0
1
2

0

⎞
⎟⎠

satisfy LA = LAL̄L.
Given a partition H = {H1, . . . ,Hn} of nodes {1, . . . , N}, we

always assume without loss of generality that its first k blocks
H1, . . . ,Hk contain all at least one driver node, while the remaining
blocks Hk+1, . . . ,Hn have no driver nodes.

Definition 3 (Reduced System): Consider the system of ODEs in
(1). Then, the reduced system underlying a partition H is given by (3)
where
1) Â = LAL̄;
2) For any l ≤ k, the lth column of B̂ ∈ Rn×k is the lth unit vector

in Rn;
3) For any l ≤ k, the lth control satisfies ûl(·) ∈ [m̂l; M̂l] with

m̂l =
∑

l′∈K(Hl)

ml′ and M̂l =
∑

l′∈K(Hl)

Ml′

where K(Hl) ⊆ {1, . . . ,K} are the control indices that steer the
driver nodes contained in block Hl.

Note that the setsK(H1),K(H2), . . . form a partition of {1, . . . ,K}
(i.e., of the driver nodes). We used this fact to well-define the bounds
m̂ and M̂ for the macroinputs.

Example, Part 3: Continuing the example, we note that block H1 =
{2, 3} has two driver nodes, while blockH2 = {1} has none. With this,
we obtain the following:(

∂tx̂1

∂tx̂2

)
=

(
0 3

4
1
2

0

)
︸ ︷︷ ︸

Â=

(
x̂1

x̂2

)
+

(
1

0

)
︸ ︷︷ ︸
B̂=

(
û1

)

where û1(·) = u1(·) + u2(·) ∈ [4; 6], while x̂1 = x2 + x3, and x̂2 =
x1. We also note that x̂2 = x1 is not a driver node, reflecting the fact
that H2 = {1} has no driver nodes.

In order to associate a cost to a reduced system, the final and running
costs have to satisfy an additional property. More specifically, for a
partition of nodesH, we call the final costF and running costR constant
on H if F (x) = F (y) and R(t, x, u) = R(t, y, v) for all x, y ∈ RN ,
andu, v ∈ RK that satisfyLx = Ly andLBu = LBv, forL = L(H).
In such a case, we study the well-defined reduced costs R̂ and F̂ for the
reduced system defined for x̂ ∈ Rn and û ∈ [m̂; M̂ ] via the following:

R̂(t, x̂, û) := R(t, x, u) and F̂ (x̂) := F (x)

for arbitrary x and u such that x̂ = Lx and B̂û = LBu (equivalently,
x̂i =

∑
j∈Hi

xj and ûl =
∑

l′∈K(Hl)
ul′ for all 1 ≤ i ≤ n and 1 ≤ l ≤

k).
Example, Part 4: We continue the example by picking as running

cost and final cost, respectively, R = 0 and F (x) = x2 + x3. Then, R
and F are constant on H = {{2, 3}, {1}} and we obtain R̂(x̂) = 0 and
F̂ (x̂) = x̂1. With these cost functions, the value functionals have the
following form:

Ju(x[0], T ) = F (xu(T )) = xu
2 (T ) + xu

3 (T ).

Definition 4 (Optimal cost of Reduced System): LetH be an arbitrary
partition, and assume that F and R are, respectively, final and running
costs that are constant on H. Then, for a control input û(·) ∈ [m̂; M̂ ],
the value functional at time T ∈ R when starting at x̂[0] ∈ Rn is given
as follows:

Ĵû(x̂[0], T ) = F̂
(
x̂û(T )

)
+

∫ T

0

R̂
(
t, x̂û(t), û(t)

)
dt

where x̂û is the solution of (3), with initial condition x̂[0]. With this,
the optimal costs of the reduced system (3) at time T when starting at
x̂[0] ∈ Rn are given by the reduced value functions as follows:

V̂ inf(x̂[0], T ) = inf{Ĵû(x̂[0], T ) | û : R → [b; M̂ ]}
V̂ sup(x̂[0], T ) = sup{Ĵû(x̂[0], T ) | û : R → [b; M̂ ]}

where the control inputs û(·) are measurable.
We are now in a position to state our first result, which is key in

proving that the original and the reduced control system admit identical
optimal costs if and only if H is a control equivalence.

Theorem 1 (Optimality-Preservation): Let H be a control equiva-
lence of the system (1) with final and running costs that are constant on
H.
1) For any control of the original systemu : R → [m;M ], there exists

a control of the reduced system û : R → [m̂; M̂ ] that satisfies the
following:

Ju(x[0], T ) = Ĵû(x̂[0], T )

for every T ∈ R and every x[0] ∈ RN , where x̂[0] ∈ Rn is given
by x̂[0] = Lx[0].
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2) Conversely, for any control of the reduced system û : R → [m̂; M̂ ],
there exists a control of the original system u : R → [m;M ] that
satisfies the following:

Ju(x[0], T ) = Ĵû(x̂[0], T )

for everyT ∈ R and everyx[0] ∈ RN , where x̂[0] ∈ Rn is given by
x̂[0] = Lx[0]. In addition, the control u can be chosen as follows:

ul′(·) =
⎧⎨
⎩ml′ +

Ml′ −ml′

M̂l − m̂l

(ûl(·)− m̂l), if m̂l < M̂l

ml′ = Ml′ , otherwise

for every l ∈ {1, . . . , k} and l′ ∈ K(Hl).
Armed with Theorem 1, we infer our main technical result.
Theorem 2 (Characterization of Optimality-Preservation): Con-

sider the system in (1), and let H be a partition of the nodes. Then,
H is a control equivalence if and only if

V inf(x[0], T ) = V̂ inf(x̂[0], T )

V sup(x[0], T ) = V̂ sup(x̂[0], T )

for all final and running costs that are constant on H, for every T ∈ R,
and everyx[0] ∈ RN , where x̂[0] ∈ Rn is determined by x̂[0] = Lx[0].

Example, Part 5: In the case of our example, and with the cost
functions as in Part 4, we obtain the following:
1) For any u1(·) ∈ [1; 2] and u2(·) ∈ [3; 4], there exists û(·) ∈ [4; 6]

such that for any x[0] ∈ R3 and x̂[0] = Lx[0], for every T we have
that

xu
2 (T ) + xu

3 (T ) = x̂û
1 (T ).

2) For any û1(·) ∈ [4; 6], there exist u1(·) ∈ [1; 2] and u2(·) ∈ [3; 4]
such that for any x̂[0] ∈ R2 and x[0] ∈ R3 with x̂[0] = Lx[0], we
have that

xu
2 (T ) + xu

3 (T ) = x̂û
1 (T ).

Specifically, we can pick

u1(t) = 1 + 1
2
(û1(t)− 4), u2(t) = 3 + 1

2
(û1(t)− 4).

We end the section by stating that control equivalence can be com-
puted in quasilinear time in the number of edges. As the trivial partition
made of singletons is a control equivalence, the refining procedure in
the next theorem is guaranteed to terminate.

Theorem 3 (Computation of Control Equivalence): Consider sys-
tem (1) and let H′ be a partition of the nodes. Then, the coarsest control
equivalence refiningH′, denoted byH, and the underlying reduced sys-
tem∂tx̂(t) = Âx̂(t) + B̂û(t), can be computed in at mostO(E logN)
steps, where E is the number of nonzero entries of A ∈ RN×N .

Example, Part 6: If we apply the partition refinement from [17] on the
partition H′ = {{1, 2, 3}}, the algorithm will refine the block {1, 2, 3}
to the blocks {1}, {2, 3}, providing us with the previously seen partition
H = {{1}, {2, 3}}.

We remark that the partitionH′ in Theorem 3 can be used to steer the
search for control equivalences. Indeed, if one is interested in finding
a reduction, which does not aggregate node 1 with any other node,
one could pick H′ = {{1}, {2, 3}}. With this choice, the partition
refinement algorithm either splits the block {2, 3} into {2}, {3} or not.
From the foregoing discussion, we know that the latter will be the case
because {{1}, {2, 3}} is a control equivalence. On the contrary, if one
uses H′ = {{1, 2}, {3}} (say, because one wants to obtain a reduced
model, which does not aggregate node x3 with any other node), then,
the algorithm would split the block {1, 2} and return the (trivial) control
equivalence {{1}, {2}, {3}}, which does not aggregate any node.

IV. EVALUATION

The interpretation of network dynamics (1) depends on the domain
from which network A stems from. For instance, in case of knowledge
dynamics [43, Section 7.3], xi measures the monotonically increasing
knowledge of agent i, whereas ai,j measures the knowledge transfer
rate from agent i to agent j. Assuming that the gross return of agent
i is proportional to her knowledge growth rate, one then studies the
so-called utility function ∂txi

xi
− di, where di is the degree of agent

i. As for other examples, we mention infection and social influence
models, see [43] for more details.

Following [4], we abstract away from the actual interpretation,
seeking to evaluate the potential of control equivalence by computing
it for different networks from the literature [4], [39], and [40]. The
respective domains include biology, ecology, engineering, online social
networks, and the web. Their sizes range from 47 to 82 169 nodes.
The networks show a wide spectrum of controllability ranging from
1.28% to 99.59% of driver nodes in the network as provided by the
algorithm from [4], which yields a minimal set of driver nodes for
network controllability. We considered initial partitions that separated
the set of driver nodes from the rest of the network. In this way
one can identify the macronodes in the coarse-grained network that
represent original driver nodes. As shown in column Red., computing
control equivalences took often a few milliseconds, with up to 3.6
s in one case (Slashdot). Only the two intraorganizational networks
were weighted, while the others, including all networks from [4],
were not. For consistency, and given that the algorithm for driver
node computation from [4] considers only unweighted networks, we
replaced nonzero weights with weight 1 for the two intraorganizational
networks.

Overall, these benchmark networks show a full range of reducibility
by control equivalence measured as ρ = n/N , i.e., the ratio between
the number n of macronodes and the number N of original nodes. This
ranges from 0.05 in the case of regulatory networks, to 0.992 in a road
network, or no reduction in an intraorganizational one (Table I). There
is a high correlation (0.87) between the overall reduction (ρ) and the
reduction of driver nodes, indicated by ρD = k/K, i.e., the percentage
ratio between the number k of macro driver nodes and the number K
of original driver nodes. The former is obtained via Definition 3 and
by initializing the reduction algorithm from Theorem 3 with an initial
partition containing two blocks, one containing all driver nodes and its
complement (as mentioned earlier, the set of driver nodes is computed
using [4] and is minimal in size). With this in place, we note that in
some networks, very small values of k were found (as k < 5), where
K is between one and three orders of magnitude larger. This suggests
a considerably more effective computation of the control law on the
coarse-grained network, owing to the much smaller size of decision
variables involved. Interestingly, the best reduction in the number of
driver nodes, i.e., ρD < 0.10, occur in networks where the original
density of driver nodes K/N is considerable, i.e., over 0.40.

Metabolic and regulatory networks have been previously highlighted
to be difficult to control because of the large ratiosK/N , as occurs in the
models of yeast and E. coli (type Metabolic in Table I) [4]. Interestingly,
here we find that for some of such models the coarse-grained networks
turned out to be considerably more controllable. In particular the E. coli
coarse-grained networks only require two driver macronodes instead of
more than 300 nodes in the original networks. WWW networks exhibit
controllability ratios (K/N ) between 0.10 and 0.76. We note that the
corresponding coarse-grained networks tend to have lower controlla-
bility ratios (k/n). For example, wikipedia_link_bat_smg goes from
an orginal controllability ratio of 0.64, to 0.13 in the coarse grained
network.
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TABLE I
REDUCTIONS OF PUBLISHED NETWORKS

V. CONCLUSION

In this work, we have introduced control equivalence, an optimality-
preserving model reduction technique for linear control systems, which
can be computed in quasilinear time complexity in the number of
nonzero matrix entries. We have conducted a large-scale evaluation on
networks from public repositories, showing in particular that networks

that are controlled by a minimal set of driver nodes often allow for
further substantial optimality-preserving reductions. Future work will
consider approximate notions, which are stable to noise in parameters.
To this end, we will exploit the fact that control equivalence is character-
ized by the same algebraic conditions as forward equivalence for which
an approximate extension has been proposed [34], [44]. Moreover,
extensions to nonlinear control systems will be studied.
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Appendix
Proofs

Theorem 1: Let L = L(H) be the aggregation matrix of the con-
trol equivalence H. As in Definition 3, we assume without loss of
generality that H1, . . . ,Hk contain all at least one driver node, while
Hk+1, . . . ,Hn have no driver nodes.

For the proof of 1), pick any u(·) ∈ [m;M ] and note that

∂tLx(t) = L (Ax(t) +Bu(t)) = LAL̄Lx(t) + LBu(t)

= ÂLx(t) + LBu(t) = Âx̂(t) + B̂û(t)

= ∂tx̂(t)

where the second identity holds because H is a control equivalence,
while the third, and the last identity follow from the definition of the
reduced model. Since the costs F and R are constant on H, the above
calculation yields 1).

Part 2) follows by picking any û(·) ∈ [m̂; M̂ ], define u(·) using the
formula in the part 2) and by reading the above calculation backward.
Specifically, the construction of u(·) from û(t) ensures that B̂û(t) =
LBu(t). �

Theorem 2: In the case H is a control equivalence, Theorem 1
readily implies that the reduction is optimality-preserving. To show
the converse, let us assume that the reduced model underlying a given
partition H is optimality-preserving for any final and running cost,
which are constant on H. Assume without loss of generality that
H1, . . . ,Hk contain all at least one driver node, while Hk+1, . . . ,Hn

have no driver nodes. We, then, fix arbitrary T ≥ 0 and u(·) ∈ [m;M ].
Write ‖ · ‖ for the Euclidean norm and fix the final cost F = 0 that is
obviously constant onH and yields F̂ = 0. Denoting byxu the solution
of the original system induced by u, we consider the running cost as
follows:

R(t, x, v) = ‖Lx− Lxu(t)‖+ ‖LBv − LBu(t)‖

for any v ∈ [m;M ]. It is immediate to see that R is constant on H. As
R(t, xu(t), u(t)) = 0 for every t ≥ 0, we have that

0 =

∫ T

0

R (t, xu(t), u(t)) dt = Ju(x[0], T ).

Moreover, Ju′(x[0], T ) ≥ 0 for any u′(·) ∈ [m;M ] as R is non-
negative, and so

0 ≤ V inf(x[0], T ) ≤ Ju(x[0], T ) = 0.

By assumption, V̂ inf(x̂[0], T ) = V inf(x[0], T ) = 0. Since the optimal
control is measurable by Filippov’s theorem [45, Section 4.5], there thus
exists û(·) ∈ [m̂; M̂ ] such that

Ĵû(x̂[0], T ) = V̂ inf(x̂[0], T ) = 0.

Writing explicitly the reduced value functional, the above equation
gives the following:

0 = Ĵû(x̂[0], T )

=

∫ T

0

(
‖x̂û(t)− Lxu(t)‖+ ‖B̂û(t)− LBu(t)‖

)
dt

where x̂û(t) solves ∂tx̂
û(t) = Âx̂û(t) + B̂û(t). Hence, x̂û(t)−

Lxu(t) and B̂û(t)− LBu(t) are zero almost everywhere on [0;T ].
This and the fundamental theorem of calculus then imply that x̂û =

Lxu everywhere. Moreover, there exists a sequence of points (tν)ν
converging to zero that satisfies for all ν ≥ 0 as follows:

Âx̂û(tν) + B̂û(tν) = ∂tx̂
û(tν)

= ∂tLx
u(tν)

= LAxu(tν) + LBu(tν)

yielding specifically Âx̂û(tν) = LAxu(tν) for all ν ≥ 0. Since this
yields Âx̂[0] = LAx[0] and x[0] was chosen arbitrarily, we infer that
H is a control equivalence. �

Theorem 3: Thanks to the fact that the algebraic description of
control equivalence (i.e., LA = LAL̄L) and the formula for Â are
as in the case of forward equivalence (and B̂ is known), the statement
readily follows from [17]. �
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