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Abstract

Agent-Based Models (ABMs) are used in several fields to study the evolution of complex systems
from micro-level assumptions. However, ABMs typically can not estimate agent-specific (or “micro”)
variables: this is a major limitation which prevents ABMs from harnessing micro-level data availability
and which greatly limits their predictive power. In this paper, we propose a protocol to learn the latent
micro-variables of an ABM from data. The first step of our protocol is to reduce an ABM to a probabilistic
model, characterized by a computationally tractable likelihood. This reduction follows two general design
principles: balance of stochasticity and data availability, and replacement of unobservable discrete choices
with differentiable approximations. Then, our protocol proceeds by maximizing the likelihood of the latent
variables via a gradient-based expectation maximization algorithm. We demonstrate our protocol by applying
it to an ABM of the housing market, in which agents with different incomes bid higher prices to live in
high-income neighborhoods. We demonstrate that the obtained model allows accurate estimates of the
latent variables, while preserving the general behavior of the ABM. We also show that our estimates can be
used for out-of-sample forecasting. Our protocol can be seen as an alternative to black-box data assimilation
methods, that forces the modeler to lay bare the assumptions of the model, to think about the inferential
process, and to spot potential identification problems.

Agent-Based Models (ABMs) are computational
models in which autonomous “agents” interact with
one another and with their environment, thereby pro-
ducing aggregate emergent phenomena [1]. ABMs
are an extremely successful tool for theory develop-
ment, that is, to explore the macro-level implications
of micro-level assumptions [2]. As Axelrod [3] said
“whereas the purpose of induction is to find patterns
in data [...], the purpose of agent-based modeling is
to aid intuition”. In line with this focus on theory
development, the ability of ABMs to match empirical
data and make quantitative forecasts has been, so
far, limited [4, 5, 6, 7]. In particular, learning from
data has been outside the purview of traditional ABM
research, apart from a specific focus on parameter
calibration [8], as detailed next.

At a very high level, all ABMs can be described by
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the formula
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where Z; are the variables of interest in the system,
© is a set of parameters, P; is a probability function
implicitly defined by model specifications, and ¢ is
the discrete time index. Typically, © has relatively
few components and a fixed dimensionality, is inter-
pretable by a domain scientist, and is the only tuning
knob of the model. Z is at the same time the state
and the output of the model. Each component of Z
typically refers to an individual agent, which results
in high dimensionality. Some of Z is observable, while
the rest is latent.

Calibration refers to the (mostly manual) process
of finding a parametrization © that can reproduce
some macroscopic characteristic of the data: this typ-
ically boils down to comparing a few summary statis-
tics of aggregate empirical and model-generated time
series [6, 9]. Tuning of agent-specific (or “micro”)
vartables Z is instead not usually considered. The
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Figure 1: Our approach compared to a standard approach towards calibrating an ABM of the housing market.
(A) Focusing on the boroughs in the center of London (bottom layer), we consider the yearly average of transaction prices
(middle layer) as an example of an observed variable, and the distribution of agent incomes (top layer) as an example of a latent
variable. (B) For each borough, we observe a time series of transaction prices. In the standard approach to calibration, modelers
could typically calibrate some parameters © (such as the probability for inhabitants to put their home on sale) by computing
the moments of transaction prices across boroughs and years (as represented through a box plot), and minimizing the distance
with the same moments in model-generated time series. In our approach, instead, we are able to calibrate the evolution of latent
variables Z —in this example, borough-level agent incomes— by exploiting all information contained in time series, rather than
reducing this information to specific summary statistics. (C) In the model, prices depend on agent incomes. Thus, since in
the standard approach agent incomes are not calibrated, model-generated time series are bound to diverge, even if prices are
initialized as in the data. With our approach, as we repeatedly estimate incomes, we can make model-generated time series track
empirical ones. This makes it feasible to forecast future prices.

lack of inference of agent-level micro variables is the
main obstacle towards bringing ABMs closer to data
and, potentially, using them as a forecasting tool. If
modelers do not correctly initialize micro variables
and update their values as the simulation progresses,
model-generated time series are bound to diverge from
empirical ones. This mismatch implies that model-
generated and empirical time series cannot be directly
compared to produce a “goodness-of-fit” measure, and
so one must resort to summary statistics or “stylized
facts” to calibrate parameters. Additionally, this mis-
match hinders employing ABMs to forecast variables
that crucially depend on the initialization of micro
variables.

In this paper we propose a general method for es-
timating latent variables in ABMs. Our approach
proceeds in three steps:

1. Given an ABM of reference, translate it into
a probabilistic model, by simplifying it until a
computationally tractable likelihood of the data
given the latent variables can be specified. We
develop on this idea in the next section.

Estimate latent variables at each time step while
keeping all past input values fixed (as in online
learning). Solidly rooted in probability theory,
our approach maximizes the likelihood at each
step via expectation-maximization [10] and gra-
dient descent.

Repeat this process over multiple epochs, so
that temporal dependencies can be appropriately
taken into account.

We showcase our approach by applying it to a hous-



ing market ABM specifically designed to study income
segregation [11] (Figure 1). The main latent variable
in this model is the distribution of agents’ incomes
in each neighborhood. We assume that we observe
neighborhood-level mean prices and number of trans-
actions over time, and write the likelihood of these
variables as a function of the household income dis-
tribution. By maximizing this likelihood, we are able
to infer through the ABM how the spatial income
distribution evolves over time. In synthetic experi-
ments we show that our procedure makes it possible
to learn latent variables accurately: the Pearson cor-
relation between the ground truth and learned traces
ranges between 0.5 and 0.9 depending on the latent
variable considered. At the same time, we show that
our accurate estimation of latent variables enables
out-of-sample forecasting. Compared to some bench-
marks that use rules of thumb to initialize the model
at the beginning of the forecasting window, our proce-
dure obtains lower Root Mean Squared Error (RMSE)
with respect to the ground truth while being more
principled. It also highlighs potential identification
problems, i.e., situations in which multiple configu-
rations of micro-variables correspond to the global
minimum of the likelihood and so the ground truth
configuration cannot be identified.

Making an ABM learnable

We start from the housing market ABM presented by
Pangallo et al. [11]—henceforth, the “original ABM”.
Our goal is to modify the original ABM until it is pos-
sible to write a computationally tractable likelihood
of observed variables given latent variables. If we are
able to do so, we say that the modified model is a
learnable ABM. While writing a tractable likelihood
function, we need to preserve the general behavior
of the model, as well as its essential causality mecha-
nisms. In performing this transformation, we also aim
at identifying some design principles, that we believe
to be of general value.

First of all, we must tune the level of stochasticity of
the model by considering which variables are observed
and which are latent. In traditional graphical models
[12] latent variables depend stochastically on observed
variables—indeed, if they were deterministic, they
could be computed exactly from observables. All
stochastic variables that are not observed must be
estimated, thus increasing both the computational
complexity of the process and the uncertainty of the
model. However, in our transformation we have room

to decide which variables are deterministic and which
are stochastic. In order to make the model truly
learnable, we need to balance observable and latent
variables so that for every latent variable we have
some observable that intuitively makes it possible
to estimate it. We can encapsulate this first design
principle as follows.

Principle 1. Stochasticity parsimony. In a learn-
able ABM, the amount of stochasticity should be com-
mensurate to data availability.

Second, we must carefully consider which variables
and functional forms should be discrete. ABMs of-
ten consist of discrete units, and it is common for
agents to choose between different discrete possibil-
ities. However, discreteness makes likelihood opti-
mization problematic. Indeed, whenever we deal with
discrete variables, the likelihood must consider all
possible combinations of values for discrete stochastic
variables, which greatly increases the computational
burden of the approach. Moreover, in some cases
the likelihood may be flat over some region of the
latent space, thus hindering the progress of optimiza-
tion algorithms such as gradient descent. Given these
considerations, we should limit the use of discrete
variables to the ones that are critical to the behavior
of the model.

Principle 2. Differentiability preference. A
learnable ABM should prefer continuously differen-
tiable functions over discrete choices, when they do
not alter the behavior of the model.

Next, we describe several modifications to the orig-
inal housing market ABM that follow Principles 1
and 2.

Model

In this section, we first give an overview of the original
ABM; then, we describe the learnable ABM resulting
from our ‘translation’ process. Along the way, we
highlight the specific transformations needed to make
the original ABM learnable. A more detailed explana-
tion of the equations describing our learnable model
is given in Materials and Methods and summarized
in Table 1. Figure 5 reports the causal links between
variables as a graphical model. Supplementary Sec-
tion S1 provides more details on the models and the
transformation process.



Original ABM [11]. The ABM describes the hous-
ing market of a city composed of L locations or neigh-
borhoods, each with a number of indistinguishable
homes, inhabited by agents. Each agent belongs to an
income class k, out of K income classes, each charac-
terized by an income Yj. At each time step, individual
agents—represented as discrete units—choose a neigh-
borhood to purchase a home if they act as buyers,
or put their home on sale if they act as sellers. One
fundamental insight encapsulated in this model is the
formalization of the attractiveness of each neighbor-
hood, that regulates how likely an agent is to move
in that location. The model assumes that the higher
the income of residents, the more attractive a neigh-
borhood is. In this original model, matching between
individual buyers searching in a neighborhood and
sellers in the same neighborhood is modeled as a con-
tinuous double auction. This process selects buyers
and sellers sequentially at random, puts buyers in a
queue ordered from highest to lowest bid price (and
sellers from lowest to highest ask price), and, when-
ever a seller asks a price below the maximum bid
price in the queue, matches the buyer with highest
bid price to the seller with the lowest ask price. The
social composition of the city evolves as a byproduct
of these transactions, as high-income buyers may re-
place low-income sellers and lead to the gentrification
of some neighborhoods. We report the pseudocode of
this original model in Algorithm S1.

Learnable ABM. In order to translate such ABM
into a learnable model, we first rewrite it in terms
of “counts”; that is, instead of having variables for
each individual agent, with a small loss of generality
we consider the aggregated information about the
number of identical agents of each income class in each
location. This way, we obtain a model that revolves
around the state variable M;: at each time step, M;
is a matrix of L x K entries, where M, ; j represents
the number of agents of income class k in location x
at time ¢. Similarly, the number of agents of class k
buying a house in location x is represented by DE% >
giving a total of Dy, = >, wa}k transactions. Dy,
is in turn determined as the short side of the market,
i.e., the minimum between the number of sellers and
the number of buyers in each case. While these two
numbers in the original model were stochastic, in
our learnable model we follow Principle 1 and use
mean field approximation, thus replacing stochastic
realizations with their expected value. The final key
variable is P; ;, which represents the average price of

transactions that occur in = at ¢t.

Matching protocol. The matching protocol be-
tween buyers and sellers clearly exemplifies the type
of transformations needed for our purpose. The con-
tinuous double auction of the original ABM is indeed
hard to translate into a computationally tractable
likelihood. First (Principle 1) we assume that we do
not have detailed information on buyers and sellers
for individual transactions, so estimating, e.g., the
stochastic sequence in which buyers and sellers enter
the queue is not feasible. Second (Principle 2), picking
the buyer with highest proposed price is equivalent
to an argmax operation. Such operation is not differ-
entiable, thus causing the whole likelihood to be not
differentiable. Indeed, estimating its outcome would
require enumerating all possible cases. To solve both
issues, while preserving the properties of the model,
we replace the continuous double auction by a multi-
nomial distribution that gives higher probability of
matching to buyers proposing higher prices (Equation
M8 in Table 1). This rule is differentiable and can be
estimated from observed prices: higher prices indicate
that richer agents have settled in the neighborhood.

Algorithms

Once we have translated the original ABM into its
learnable counterpart, we design an algorithm that
infers latent variables by maximizing the likelihood
of these variables with respect to observed data and
model’s assumptions.

To do so, we think of aggregate information about
transactions as the only observable we have. In par-
ticular, we assume to know, for each neighborhood
and over time, the number of transactions D; and
average price P;. Our key latent variable is instead
M, the distribution of agents of each income class
across neighborhoods. We believe this distinction
to reflect a common real-world setting in economic
models: one might have access to which actions are
being performed, but not to the latent state of agents
(e.g., where they live, and what is their income). As a
matter of fact, in many countries it is relatively easy
to obtain spatially granular data on transactions, but
it is much harder to obtain such data on incomes [13].

We first note that M; can be computed determinis-
tically given M;_; and DP ;. Therefore, our problem
reduces to finding an estimate for the latent stochastic
variable DE, over all time steps t = 1,..., T, and for
the starting condition My, given P; and Dy: all the



other variables are in fact deterministic, and their
value is fixed given the others. This scenario corre-
sponds to the graphical model shown in Figure 5.

However, the number of possible states of D grows
exponentially with the total number of time steps T":
evaluating all possible paths of agents over all time
steps would be unfeasible even for small values of
T. Therefore, we approach our problem as an online
task [14], a common technique in machine learning
in cases where processing the entire data set at once
is unfeasible. We process each time step one by one:
at each t, the algorithm is presented with the new
observed values D; and P;, and it updates its estimate
of the latent variables My and D, while considering
all the values previously estimated as fixed. After the
given time step ¢ has been processed this way, the
algorithm is applied on ¢ + 1, and so on until the last
time step T'. This process—examining each time step
from t = 0 to T—is iterated for a number of epochs:
after the last time step T has been processed, the
algorithm re-starts from the beginning, so that the
first time steps are re-evaluated in light of successive
ones.

To solve this optimization problem, we propose an
expectation-maximization algorithm. Such algorithm
is able to obtain a maximum-likelihood estimate of
the latent variables, by optimizing the complete-data
likelihood of the model. We outline its derivation
in Materials & Methods Section B. It operates by
repeating at each given time step t the following pro-
cess. First, it evaluates the likelihood of each possible
behavior of agents—i.e, the possible outcomes of DJ;
then, it uses back-propagation and online gradient de-
scent to find the best My under this likelihood. These
two steps are alternated until convergence. This way,
at each time step it recovers the most likely value for
DPE . and it updates its estimate for My. All the other
values of the ABM are obtained deterministically from
these variables.

In order for this algorithm to be scalable, however,
we need to solve one last computational challenge:
even in a single time step ¢ the space of possible out-
comes of each DP is huge, since in principle one should
consider the decisions of all individual buyers as inde-
pendent. We solve this problem by considering that,
while in agent-based modeling it is common to model
the behavior of individual agents, for our purposes is
sufficient to evaluate the chances of groups of iden-
tical agents moving to one location or another: the
behavior of a single agent is irrelevant with respect to
the data we observe. Therefore, instead of considering

all the possible outcomes of each D, we consider
only those set apart by at least s agent, where s is a
learning hyper-parameter.

Experiments

In order to evaluate the efficacy of our approach,
we perform two sets of experiments. First, we as-
sess its fidelity, i.e., how well our method recovers
latent variables. We generate a synthetic dataset
from the original ABM as a ground truth, and then
feed the observable part of such data to our likelihood-
maximization algorithm. Second, we show that by
learning latent variables, we can use them to produce
accurate out-of-sample forecasts.

Recovering latent variables

We consider the time series of price P; , and number of
transactions D, , at each location = to be observable.
We also assume that the macro-parameters that gen-
erated the data set (e.g., the total number of agents
per location N, or the global income distribution) are
known. T'wo other time series, namely that of inhabi-
tants M; , . and buyers Dfx,k, for all locations x and
incomes k, are considered latent; they are hidden from
the algorithm, and used as a validation for what the
algorithm learns.

We use the original ABM to generate 20 data traces
with L = 5 locations, K = 3 income classes, and
T = 20 time steps that we use as ground truth. Each
data trace differs from the others in the random initial-
ization of My. We use the first 10 traces as training
set to tune the hyperparameters of the algorithm (see
Supplementary Figure S6). Then, on the remaining
10 traces that we hold out as test set, we evaluate
the performance of the algorithm by computing the
Pearson correlation coefficients between learned time
series and ground truth ones. Note that our learning
algorithm uses the learnable ABM to specify the like-
lihood, so there is some misspecification compared to
the original ABM used to generate the ground truth.
For completeness, we also repeat the same evaluation
by using the learnable ABM to generate ground-truth
data traces, thereby removing misspecification. We
view this latter test as a sanity check for the algorithm.

Figure 2 shows the results for the test sets. As
expected, our ability to reconstruct latent variables is
higher for traces generated with the learnable ABM,
as there is no misspecification. Perhaps more inter-
estingly, our algorithm reconstructs the time series of
buyers Dfx’  with higher fidelity than the time series
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Figure 2: Quality of estimation in synthetic experiments with
traces generated by the original (top) and learnable (bottom)
ABM. For each variable, we report the Pearson correlation
between the original values and the estimates. We represent
each trace as a dot, with whisker plot as a summary for each
variable. Whiskers extend from the minimum to the maximum
value, while boxes range from the 25th to the 75th percentile.

of inhabitants M; , , (mean correlation p = 0.86 vs.
p = 0.52 with traces from the original ABM). Even
though M,  j, proves to be harder to reconstruct, we
still obtain an informative estimate, that further im-
proves when misspecification is removed (p = 0.77).
We conjecture that this difference in results may due
to the fact that wa) . is a “flow” variable that does
not depend explicitly on previous time steps, while
M; 1, is a “stock” variable that depends on the whole
history, and so an error in estimating M;—( leads to
imprecise estimation at following time steps. This
results also hints at an identification problem in the
original ABM, that we elaborate on further at the
end of this section. Regarding the observable vari-
ables, our algorithm fits the prices P; , almost per-
fectly (p = 0.99), and the number of transactions D, ,
very well (p = 0.85). Without misspecification, the
fit for the number of transactions is almost perfect
(p =0.98). While such a good fit for observable vari-
ables is expected, since our inference method works
by minimizing the distance from observable variables,
this result indicates that there is no major misspec-
ification introduced by using the learnable ABM to
infer latent variables from traces of the original ABM.
In other words, our translation does not substantially
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Figure 3: Estimates for My ; , sz,k’ Py .z, D¢ 5 compared to
the traces generated with the original ABM, in a single experi-
ment, chosen as the median experiment in terms of estimation
quality.

alter the nature of the original model.

Figure 3 zooms in on a representative trace gen-
erated by the original ABM. For fairness, we choose
this experiment as the median experiment in terms
of performance (i.e., correlation between the ground-
truth and estimated values of M). These time series
confirm the intuition from Figure 2: our approach
is able to reconstruct P; and D; extremely well and
it is also quite precise at reconstructing DtB . Our
estimate of M; is also very accurate in most cases,
but imprecise estimates of the initial conditions M
lead in a few cases (for instance, in location z = 3) to
an inaccurate reconstruction. In a few cases, in fact,
the algorithm finds a local minimum that does not
correspond to the ground truth.

One of the possible reasons behind this behavior
is an identification problem. We show in fact that,
in some cases, the likelihood of the observed data is
the same for different possible values of the latent
variable M. While these possible values include the
ground truth (or, in case of misspecification, values
extremely close to it) the model does not have enough



information to distinguish it from the other possible
optimal values of M. This phenomenon is intrinsic
to the ABM under study, once we identify P and D as
observable and M, as latent. We provide a concrete
example in Supplementary Section S2.3. Figure S10
shows a representation of the likelihood able to effi-
ciently visualize such issues. Our approach allows in
fact to formally define and thus diagnose such issues.
Helping ABM researchers in designing models whose
latent variables can be learned from observed data is
clearly of great value to advance empirical research in
the field.

Out-of-sample forecasting

The use of ABMs for forecasting has so far been very
limited: one key factor is the lack of research in how to
learn latent variables, which is a necessary condition
for reasonable forecasts. In this section, we show that
our method enables using ABMs for out-of-sample
forecasting. To generate the ground truth, we use the
original ABM to extend each of the 10 test traces for
5 additional time steps, so that the total length of
each simulation becomes T' = 25. To perform the
forecast, we initialize the same ABM at ¢ = 20 with
a given estimate of the latent state variables Mp_o,
and let it produce the time series P; and D; for the
out-of-sample time steps ¢t € [21,25]. We compare five
approaches for the estimate of the latent variable Mr:

1. Ground truth: we use the true, original value of
M generated by the ABM, that we assume to be
unobservable. Because of inherent stochasticity,
the forecast error is not zero; however this method
represents a lower bound on the forecast error.

2. Random: we draw My from a Dirichlet distribu-
tion whose parameters are consistent with the
share of buyers I'y,. A random initialization of
latent variables is very common in ABMs, for
instance in epidemiological ABMs it is common
to choose infected seeds at random [15].

3. Proportional: we draw M in a way that loca-
tions with price higher than the mean price over
the city have a higher share of high-income inhab-
itants. The strength of this relation is governed
by a hyperparameter that we calibrate in-sample
on the same 10 traces that we use to select the
hyperparameters of the learning algorithm.

4. Time series: we run 1000 simulations starting
from different values of My and select the Mt cor-
responding to the simulation with lowest RMSE

Ground truth ‘..'—*
Proportional QD EQ’ Q

*—ERe—

1.50

Time series

Learnable ABM

1.25 1.75 2.00 225 2.50

RMSE P; + RMSE D¢
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Figure 4: Forecasting error for our method compared to alter-
native benchmarks. Forecasting error is measured as the sum of
the RMSE on the P; and D; time series. We consider the same
10 traces as in the experiments above, and show results for
each trace as a dot and a whisker plot as a summary. Whiskers
extend from the minimum to the maximum value, while boxes
range from the 25th to the 75th percentile.

with respect to the observable time series P,
and D; in sample, i.e., for ¢ € [1,20]. This
is, for instance, the method used by Geanako-
plos et al. [16].

5. Learnable: we infer Mp with our algorithm.

To evaluate the quality of the forecasts obtained by
these approaches, we compute the Root Mean Squared
Error (RMSE) for the observable time series P, and
D;, summing the errors from time step t = 21 up to
t =T’ = 25. Figure 4 shows the results. We do not
report the values for the Random approach as it has
RMSE=12, well above that of the other approaches.
Our Learnable approach is on average better than
the Proportional one, and essentially on par with the
Time series approach (executed with 1000 simula-
tions). However, we note that while the Time series
approach obtains a median RMSE of 1.90 (+30%
w.r.t. to the ground truth), our approach obtains a
slightly better error of 1.77 (+25%). Nonetheless, we
believe that the value of our approach goes beyond this
small improvement. In fact, alternative approaches
are heuristics, that do not yield much insights about
inference. By contrast, our approach is more princi-
pled: it frames the problem of estimating unobservable
variables of an ABM into probabilistic inference. This
opens new research directions to further improve our
results. For instance, designing learnable ABMs from
the start, for which there would be no misspecification
error. Even more importantly, it makes it possible to
formally reason about the likelihood of an ABM—for
instance, to spot potential identification problems.



Discussion

In this work, we have shown how to translate a com-
plex agent-based model into a probabilistic graphical
model. As a result, we obtain a learnable ABM, for
which methods such as maximum likelihood estima-
tion can be used to estimate micro-state variables
of the agents coherently with both the model and
with provided data. We do so by first balancing the
stochasticity into the original model with the avail-
ability of observable data (Principle 1); second, by
replacing some discrete choices of the original ABM
with their continuous approximations (Principle 2), al-
lowing for an easier optimization of unobservable vari-
ables. Then, we propose an expectation-maximization
algorithm for the resulting learnable ABM in order to
estimate the latent variables given the observed ones.
We have shown that this process is indeed able to
recover unobserved variables that are in line with the
learnable model as well as with the original one, under
different settings. This way, we can feed such learned
variables to the ABM, and obtain an evolution of its
micro-states that is in line with the provided data.

Our method therefore constitutes a more principled
way to use data, compared to traditional ABM calibra-
tion methods, and it offers the possibility to link latent
micro-states of agents to real observations. In many
cases, in fact, the usage of ABMs as predictive tools is
limited by an inability to correctly initialize the state
of the agents. For instance, in epidemiological models,
the initial state of an agent in a given location can
be either susceptible or infectious [15]; but there is
no principled way to align these initializations with
a data set that represents some observed quantities
of the system. Typically, simple heuristics have been
in use: for instance, repeating the simulation many
times with random initializations, and then picking
the closest one to the real data according to some
ad-hoc metric [16]. Here, we identify this problem
as one of the weaknesses of the ABM approach, and
propose a principled method to solve it.

Building a fine-grained link between an ABM and
observed data opens the way for different exciting
opportunities. As we have shown in this work, it al-
lows in the first place for a better usage of ABMs as
instruments for prediction. Initializing agents’ micro-
states in a way that is coherent with observed data
means that their future trajectory can be regarded as
the best compromise between the theoretical model
assumptions and the available observations. There-
fore, the quality of the predictions can also be used
as a direct validation (or falsification) of the causal

model embodied in the ABM. Beside these immedi-
ate advantages, however, more advanced possibilities
are opened. For instance, defining a likelihood of the
model w.r.t. the observations allows to perform model
selection by using available data. In other words, it
allows to use ABMs to formulate hypotheses and test
them against real data. While this technique has
been shown to work properly in simple cases [14], its
application to more complex ABMs require further
analysis and paves the way for novel research direc-
tions. Furthermore, the translation of an ABM into a
probabilistic model forces the modeler to lay bare their
assumptions, and to consider the inferential problem.
This way, it brings forth possible identification prob-
lems: whether different models (or realizations of the
same model) lead to the same observable state, how
can we choose one in practice? Such a problem, often
ignored in ABM research, will be vital to consider in
further applications of ABMs to real-world data.

Our approach for learnable ABMs stems from the
general framework of probabilistic graphical mod-
els [12]. While their application to ABMs opens pos-
sibilities for interdisciplinary cross-pollination, it also
poses new theoretical challenges. Because of the com-
plexity of ABMs, many methods commonly applied
such as Markov Chain Monte Carlo (MCMC) [12]
become computationally unfeasible. This is because
ABMs aim to model emergent behavior through the
combination of many simple rules, so they often in-
volve long chains of dependences among variables,
often with highly non-linear behavior. Hence, many
desirable theoretical properties necessary for the con-
vergence of MCMC might be missing, such as the
uniqueness of the posterior distribution [17]. More
in general, such a distribution is often very complex
and high-dimensional, and difficult to learn through
sampling techniques. Thus, we choose to maximize
the likelihood by leveraging gradient descent and au-
tomatic differentiation [18]. One interesting aspect is
that, because of the long sequences of deterministic
transformations typically found in ABMs, our opti-
mization task ends up resembling deep learning ones.
However, while the transformations in deep learning
are purely data-driven—i.e., transformations aim only
at maximizing prediction accuracy—we still place em-
phasis on causal mechanisms: each transformation
represent an aspect of the theory being modeled.



Table 1: Equations defining our agent-based model.

Zk Mtfl,z,kyk:/N

At = A N (0
71— _ (min (0, Yy — Pt—l,x))l_ﬁ Atﬁ,z (M2)
P s [(min (0, ¥4 = Pr—1.2))' =2 A7,
NP, b= QTami o (M3)
Ny =Ri_1z+o(N—Ri_12) (M4)

e Nk
Ptsjz =P-10 <1 -0 (1 — tanh <]\/'S7z’ (M5)
t,x

Dio = min (3, NZ, . N5, ) (M6)

NE (Y, —PS
D t,x,k ( k t,:v)
Twk = . 3 (M)
S (N2, (e = PEL))
Dfx,k ~ multinomial (Dt,z, {Trf’)x’k}k> (M8)
Mtfl z,k
DY, . =Dppei0 (M9)
b e M1z x
Y, DB
PtB — T tzk (M10)
" Xk: Zkl sz,k’
Pro=vPB +(1-v)PS, (M11)
Mg = max (0, My 10k + Dy = DE, i) (M12)
Riz=Ri—1,5 + me — Dty (M13)

Materials & Methods

A Model description

Here, we give a minimal description of the learnable model. In
Supplementary Section S1.2 we provide a longer description as
well as a detailed interpretation of each modeling assumption.

The model represents the housing market of a city with L
locations or neighborhoods denoted by = 1,...,L, each
with N indistinguishable homes, inhabited by agents that
are only distinguished by their income class k¥ = 1,..., K.
The vector of state variables Z; is composed by the variables
{M¢ 5 1}, {Pt,x},{Rt,x}, where M, ; 1 is the number of agents
of income k living in location x at time t; P; . is the average
price of location = at time ¢; and Ry . is the inventory of unsold
homes at location z at time t. These state variables are up-
dated according to deterministic and stochastic equations that
represent the demand and supply sides of the housing market,
and the matching between potential buyers and sellers. The
causal links between these variables are summarized in Figure 5.
All the equations of the model, Equations (M1) to (M13), are
listed in Table 1.

Equations (M1) to (M3) characterize the number of buyers
from each income class that try to buy a house at each loca-
tion at time t. Buyers prefer to live in locations with higher
attractiveness A¢ z, which depends on a constant local intrinsic
attractiveness ADIC and on the time-varying average income at
that location, captured through Yz—the income of agents in
income class k (M1). However, locations with high attractive-
ness may also be more expensive, so the probability m; , j for
a buyer of income class k to choose location x also depends on
the difference between their possibility to pay—here exempli-
fied by income Yy—and price P; (M2). Finally, the number
of potential buyers of income class k for location x at time ¢,
th?z,kv is given by simply assuming that, for each income class
k, a fraction I'y of the total buyers @ distribute themselves
among all locations following probabilities m; 5 1 (M3).

Next, Equations (M4) to (M5) characterize the supply side
of the market. The number of sellers Nts:z is given by the
inventory of houses on sale at the previous time, R¢_1,z, plus a
fraction a of the houses that were not on sale (M4). Moreover,
the minimum price that the sellers at location = are willing

Figure 5: Graphical model diagram of the learnable ABM
for a time step t. See Materials & Methods Section A for
notation. Diamonds indicate deterministic variables, white
circles indicate latent stochastic variables, grey circles indicate
observed stochastic variables.

to accept, Ptsx, is a smooth function of the ratio between
the number of buyers and sellers at z: when there are more
buyers than sellers, sellers refuse to sell at a price below P;_1,4;
conversely, when there are more sellers, they are willing to sell
at a discount, up to a price that is 1 — 6 of Pr_1 5 (M5).

The demand and supply sides of the market are matched in
Equations (M6) to (M11). The number of deals or transactions
Dy o is the short side of the market, i.e., the minimum between
the number of buyers and sellers (M6). When there are more
buyers than sellers, only some buyers are able to secure a deal.
The probability that agents from income class k secure a deal at
x is represented by wfm} 1> Which is proportional to the number
of buyers from class k and to their income (M7). The number of
buyers of each income class who secure a deal, fo .k is given
by the Dy , realizations of a multinomial with parameter nE% &
(M8). The number of sellers from class k who manage to sell at
location z (Df »,1) is simply proportional to the fraction of k-
agents living in location « (M9). With Equations (M6) to (M9)
having determined the income classes of buyers and sellers,
Equations (M10) and (M11) specify the average (observed)



price of transactions P; . The model assumes that this is a
weighted mean (M11) of the maximum price that the average
buyer is willing to pay, P > (M10), and of the minimum price

that sellers are willing to accept, Pt,x (M5).

As a last step, we update the remaining state variables in
Equations (M12) and (M13), simply by tracking the number of
buyers and sellers in each class and location.

B Algorithm derivation

Here, we provide a more detailed description of our algorithm.
First of all, since our observed variables are in principle also a
deterministic result of the others, we model their observed value
as a noisy proxy of the value determined by the agent-based
model rules. Specifically, for prices we assume that we observe
Py, given by P = P; + ep, where the error ep is normally
distributed and P; is the deterministic estimate of prices as
computed by the model ((M11)). Similarly, the number of
observed deals Dy will follow Dy = Dy + €p. _

Now, computing the likelihood of the observed prices P;
requires knowledge of the latent variable DtB7 that is, the
distribution of buyers among classes and locations, which is a
discrete outcome of a stochastic process dependent on our main
latent variable Mg. Therefore we resort to the (Generalized)
Expectation Maximization algorithm. In this way, we alternate
between evaluating the expectation of DtB and updating our
estimate of My under the current estimate of expectation. The
latter can be performed with online gradient descent, since—
once we fixed the probability of each possible outcome of Df —
what remains of the likelihood is a continuous and differentiable
function of Mj.

First, observe that P; and Dy are independent given Mj.
In fact, D; is fixed given Mpy; the distribution of D is also
fixed, since it is determined from D; and 7P; and the error
ep is drawn independently from the extraction of D from
such distribution and from ep. Therefore we can factorize the
complete-data likelihood w.r.t. observed data D = {P:, Ds} as:

P(D|Mo) = P(P:|Mo) - B(D¢| Mo). (2)
Since computing P(P|Mp) > b, B(Dy|Mo)P(P:| Dy, Mo)
without the knowledge of the latent variable DP would be

unfeasible, we resort to the Generalized Expectation Maximiza-
tion algorithm, alternating these two steps until convergence:

1. First, we evaluate the expectation of Df given the rest
of the variables. Given the set §2 of all possible values of
DE, for each DF € Q) we evaluate

(DY) = P(DF|Mg)

where M is the current estimate of Mp. This probability
is computed from (MS8).

2. Then, we update the estimate of Mo in order to increase
the likelihood from Equation (2), by increasing the auxil-
iary function

QMg) = > a(DF) logP(P:, Dy, |DP, Mg) (3)

DEeq

Noting that D; does not depend on DP (see Figure 5), the
last probability can be decomposed as
log P(P;, D¢|DE, Mg) = log P(P;| Mg, DE) + log P(Dy | Mg).
(4)
These two elements are given by the gaussian distribution of the
errors ep,ep ~ N(0,0) (o being a hyper-parameter), between

P; and ]-:’t, and D; and Dy respectively. Note that P and D
are a deterministic function of the latent variable My we are
optimizing, through the chain of deterministic equations of the
ABM (Table 1). The only free variable is in fact Mo, since the
previous variables from time steps t' < ¢ are assumed to be
fixed, and the value of DB is known for the assumption of EM.
Therefore, since all these deterministic functions are continuous
and differentiable in the general case, it is easy to update
Mg ascending the gradient VMJQ(M(’;). The complexity of
computing this gradient is left to differentiable programming
frameworks.

Nevertheless, this approach presents a problem: the set 2
of possible values for DF, the matrix of numbers of actual
buyers for each class and each location, is potentially huge
(precisely, ("J’s*l) with n buyers and k classes). We solve
this problem with two considerations: first, we will show that
P, AL Ptyy\Dt,frtD; second, we are not interested in all the
possible values for the number of actual buyers: the behavior of
a single agent is irrelevant with respect to the data we observe.
Let us analyze these two key points.

The first consideration stems from the the independence
of outcome in different neighborhoods: D » AL DB |Dt,71't .
This fact follows naturally from (M8), since all locatlons are
independently drawn. As a consequence, also the probability of
observed prices Pt + and Pt .y are independent from each other
for any two locations x # y, since (M10) and (M11) do not have
any inter-location effect, and the observation noise ep is also
independent across locations. Therefore Pt,z AL Pt,y|Dt77rtD
and we can write:

P(Pt|Mo, DP) = [ [ P(Pr.a|Mo, DP,) ()
x

Thus, we can factorize Equation (3) in a more practical way.
Let us call Q; the set of all possible values for D > given a
location . Then, our algorithm becomes an 1terat10n of the
following two steps until convergence.

1. Evaluate Vz € {1,...,L} and VDEJC € Qy:
a(DP) = P(D{ | Mg). (6)

Note that any two values in €, are mutually exclusive, so
Y b cq, A(DE,) =1 holds for all z.
t,x x ?

2. Update Ma‘ by ascending the gradient VM*Q(M(’)‘) of

=20 >

v D?zeg»"

= log P(D¢| Mg )+Z Z

=€

Dt T lOgP(Pt 17Dt‘MO7Dt :1:)

(Dgz) IOgP(Pt‘MgvDEz)

because of Equations 4 and 5.

To define the set 2, we take advantage of the second key
point: two different values of DBZ might be indistinguishable in
practice given our data, if they differ only by a few agents. Thus,
instead of considering all the possible partitions of the integer
D, in K positive integers, we only consider their quotient for
a given constant s (i.e., | Dy,¢/s]): this can be thought of as
the possible outcomes obtained by moving groups of s agents
at a time. Any difference below s is considered negligible. In
practice, we set s as a consequence of the available memory.
Given a maximum size for ||, we set a threshold for each
|Q2| proportional to its original size ("t’z*l). Here, we keep
in consideration the effective number of classes k < K that
can afford a location, since both P;_; and Y are assumed to
be known at time t. After setting this threshold, we find the
minimum s s.t. |Qz| respects such threshold.
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Supplementary Information

S1 Original vs. learnable ABM

This section provides more details about the original ABM (Section S1.1), the learnable ABM (Section S1.2),
and the comparison between the two (Section S1.3).

S1.1 The original ABM

Pangallo et al. [11] introduce an ABM that describes the housing market of a city. It is beyond the scope of
this section to fully repeat the description of the model and to justify each assumption, so we give a brief
overview and report the pseudocode of the model (see Algorithm S1 and Algorithm S2).

The city has N - L inhabitants (see Table S2 for a summary of the notation used), with @ buyers coming
to the city every time step to purchase a home, divided between i buyers belonging to income class k,
k=1,... K, such that Q = )", v&. Each inhabitant 7 is characterized by four state variables that can change
over time t: state s;; (buyer, housed, seller), reservation price Pfi, location z;;, and a categorical income
Y: i, that belongs to one of the K income classes. The city is composed of L neighborhoods or locations z
that are distinguished by their intrinsic attractiveness AL, social attractiveness Af, » (which depends on which
agent inhabit the neighborhood), and market price P, ,.

The model is initialized following some protocol to locate agents with different income in the city (e.g.,
uniformly at random, or following some predefined spatial distribution). After that, at each time step ¢ some
buyers come to the city to purchase a home, some housed agents decide to leave and sell their home, and
buyers and sellers at each location are matched via a continuous double auction.

Algorithm S1 details the operations that occur at each time step. First, the model updates some location-
specific variables which reflect the change in social composition that occurred in the previous time step
(lines 1 to 9). These include updating the average income and social attractiveness at each location and
then computing the utility for agents of a given income class at a given location. Next, buyers choose a
location where they try to purchase a home (lines 10 to 22). After that, housed agents may put their home
on sale with probability « and set a reservation price by applying a markup p to the market price of the
location where they live (lines 23 to 29). Agents that decided to sell their home in previous time steps but
were unsuccessful reduce their price by a factor A every 7 time steps (lines 30 to 34). Finally, buyers and
sellers are matched at each location via a continuous double auction, and successful buyers replace successful
sellers (lines 35 to 37).

Algorithm S2 details the continuous double auction process. At each location, there is a set of buyers B; ,
and a set of sellers S; , (lines 1 to 2). If there are in fact either no buyers, or no sellers, or all reservation
prices of the buyers are lower than the reservation prices of the sellers, no transaction takes place, and the
market price does not get updated (lines 3 to 4). If instead at least one transaction can occur (lines 5 to 23),
the following process takes place. First, one creates auxiliary lists of buyers and sellers (also known as logs),
ng and Otb:w respectively, and fills them as agents are drawn uniformly at random from the common pool of
buyers and sellers. Every time that a buyer with a higher reservation price than a seller enters ng (or a
seller with a lower reservation price than a buyer enters Ofw), the buyer with highest reservation price is
matched with the seller with lowest reservation price. The price of the transaction is the weighted mean of
the respective reservation prices, with weight given by a parameter v capturing bargaining power, and this
individual transaction price is added to the list P; ,. Finally, the seller leaves the city and the buyer settles
where the buyer was. The market price is computed as the mean of the transaction prices.
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Table S2: Notation used by Pangallo et al. [11]. The first block is indexes, the second block global parameters, the third block
agent attributes, the fourth block location attributes.

Type Variable Meaning

2 t Time
% 2,7, h,t Agent
= k, K Income class
= T Location
N Number of agents/housing units at any location
L Number of locations
K Number of income classes
2] Al max Maximum intrinsic attractiveness
4:-5 R Radius intrinsic attractiveness
g Py Initial price that is the same at all locations
5 B Preference for housing goods (vs. non-housing goods)
& «@ Probability to put house on sale
E o Markup
2 A Reduction in reservation price if sale unsuccessful
O T Time steps of unsuccessful sale needed to reduce reservation price
v Bargaining parameter
Y Income of class k
Vi Number of incoming agents of class k at any time step
St,i State of agent 4. s;; = 0: Buyer. s;; = 1: Housed. s¢; = 2: Seller
5 Tt i Location where agent i searches if s; ; = 0, otherwise location where it lives if s; ; = 1,2
) Pt},%i Buyer reservation price of agent 4 if s; ; = 0, seller reservation price if s; ; = 2
< Yi i Income of agent @
tis Time when agent ¢ becomes a seller
dy Distance of location z to the center
o Y Mean income at location x
.g Py Price of location = at time ¢
8 Atz Attractiveness of location x at time ¢
3 Al Intrinsic attractiveness of location x
Af@ Social attractiveness of location x at time ¢
Ut 2k Utility for k-buyers at location x at time ¢

13



Algorithm S1 Original model run at time step ¢

Input: Global parameters N, L, K, 8, o, pu, A, 7, v, { Y, 'yk}i(zl, {A£}£:1
Agent variables {St—l,i,Pfil i,xt,lyi,Yt,Li}iIiTl()T, location variables {P;—1,4}

o
Output:Agent variables {s¢ ;, PtRi,It,i, thz}f\fi T, location variables {P; s}

1: Y= Z?;TlOT Y, /NTOT > Compute average income over the city
2: forz=1,...,L do > Update attractiveness and utility
3: Yio =3 ot oy = Yti/N > Compute average income at location
4 AL =Yia /Yy
5: App = AL A7
6: fork::l,...f(do
. U= d 0= Po10)' 7P (A1) i Ve = Piog >0
” 0 if Yy — Pi—1, <0
8: end for
9: end for
10: for x =1,...,L do
11: for k=1,... K do
12: Ttwk = % > Probability that k-buyers choose location x
13: end for o
14: end for
15: for k=1,...,K do > Create buyers and let them choose a location
16: for i = NTOT 4 Z’Z;% Yo +1,...,NTOT 1 Zﬁ;% Ve + v do > Do not duplicate id 4
17: s¢,i =0 > Buyer
18: Yii=Ys
19: Pt]?i =Y > Buyer reservation price = income
20: x¢,; ~ Categorical (7Tt,1,k7 RN Wt,L,k)
21: end for
22: end for
23: for ist. s;_1;=1do > Housed agents put their home on sale with probability «
24: if Bernoulli (o) = 1 then
25: St =2 > Seller
26: 5=t
27: Pt}?i =1+ uP; tirt—1 > Reservation price is a markup p over previous market price
28: end if
29: end for
30: for is.t. s;; =2 do > Sellers update reservation price
31: if ¢t— tf #0 & t— tf mod 7 =0 then > Every 7 time steps after tf
32: Ptli- = Ptliu - A > Reduce by factor A
33: end if
34: end for
35 forz=1,...,L do
36: {St,mpﬁ,}ﬂs,i}i st. @y =2, Pra =
Continuous Double Auction (Algorithm S2)(v, {s¢,s, P,f”i, Yi,iti st @y =) Pi_1,2)
37: end for
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Algorithm S2 Continuous double auction in the original ABM.

Input: Parameter v, Agent variables {s; ;, PE

Output: Agent variables {s;;, P

21:

i

727

: Bt’;,; = {Z s.t. St,i = 0}
t Ste = {Z s.t. st = 2}
if Bix =0 or St.o =0 or maxiep, , Pt}?i < minges, , Ptl,%i then
Piy=PFP 1
else
0B,,07, =0
Pt,z = @
for ¢ ~ Uniform (B¢,z U St,z) do
if ¢ € Bt » then
OB, «i
else
OF, «i
end if

s R
= argmax B P,
J g e0f Tt
_ : R
h= argmlnbeotssz
Remove j, h from OB _ 0%

t,x) T t,x

Ptz I/Ptl?j +(1-— V)Pt}’?'h

respectively

stn=1,Y n =Yt ;
end if
end for
P; » = mean(Pi o)
: end if

Y4,i}i s.t. @, ;== location variable Pi_1

Yi,i}i st. @, ;= location variable Py ;

> Buyers
> Sellers

> No transactions, so no update
> Sets of buyers and sellers in the order book

> Set containing the prices of individual transactions
> Draw uniformly at random without replacement

if ng # 0 and Of”x # () and max,c o Ptli > minLGOtsz Pt}i then

> Agent j replaces agent h and becomes housed
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S1.2 Detailed description of the learnable ABM

This section gives a more detailed description of the learnable ABM than Section A in Materials & Methods,
and details the interpretation for each equation of the model. Table S3 can be used as a reference for notation
throughout this section (although some notation overlaps with that of Table S2, there are a few differences
and so we prefer to present the two tables as separate).

S1.2.1 General set-up

Agents are divided into K income classes, each characterized by income Y, k. =1,..., K. All agents within
the same income class, also named k-agents, are assumed to be identical and indistinguishable. The city is
composed of L locations denoted by x.

S1.2.2 Demand

Let M; . be the number of inhabitants of class k living at location z at time ¢. As shown in Table S3, this
number is a real rather than an integer. We make this choice for computational reasons but, as we typically
deal with large values of M, it does not substantially affect our results. We assume that each location x is
characterized by an attractiveness A, , that can change over time, given by

A, = Al Oopr M1 2 1Y%)
” e Ok M 5 1Y)

In the equation above, the first term Al is an intrinsic attractiveness that is fixed over the simulation. It
captures relatively permanent city features, such as amenities, schools, and public transport. The other
term captures an attractiveness towards wealthier neighborhoods that can vary in time. It is defined by the
mean, one-period lagged, income at location =z, ?t—l,x =3 Mi—1,2:Yi/N, divided by the mean income over
the city Y1 =3, > ) My—1,21Yr/NL. Thus, location  whose mean income is higher than average, i.e.,
Y12 > Y1, is, ceteris paribus, more attractive than locations whose mean income is lower than average.

In their decision to move to location x, agents in income class k also take into account the affordability of
location z, i.e., the difference between their willingness to pay, here simply captured by their income Y%,!
and the average price at ¢t — 1, P;_; ;. The utility of k-agents for location z is then given by?

(ML)

(Yi— Pro1o) P AL, Yi> Py,

Vier =
" 0, Vi < Pio1a

(7)
where 8 € (0,1) gives the relative weight of attractiveness relative to affordability. When S is close to 1,
agents care little about affordability, while when g is close to 0 the opposite holds. If location z is unaffordable
(Y < P_1,5) then V; , , = 0. Buyers in income class k are willing to bid up to their income Y}, i.e., their
reservation price Pfxyk is equal to Yj.

Summing up, k-agents looking to buy a house in the city evaluate a utility V; ,  for all locations x. They
then choose a location x where they try to buy a house with probability m; . proportional to V; ; i, i.e.

(min (0,Y;, — Pr—1.4))" " A7,
S, [(min (0, = Pioya))' ™ 47,

(M2)

T,k =

1 As discussed more at length in [11], willingness to pay is proportional to income, so it would be enough to rescale incomes
by a constant factor. Here, since we are not working with real-world data, we take this constant factor equal to unity.

2This is an indirect utility function, derived from a standard utility function in urban economics and from the saturation of
the budget constraint. A standard assumption for the utility function in urban economic models is a Cobb-Douglas in which
agents mix between housing services, here exemplified by the attractiveness A ,, and a composite of non-housing goods and

services zp ¢, i.e., Ug o p = zi;BAgw. Agents face a budget constraint P,zj; + E[P; ] = Y), where P, is the price of the
non-housing composite and E[P; ;] is the price that they expect to pay to buy a house at location x at time t. Because agents
do not know the price Pt ., which will be formed as a consequence of their decisions, they use the previous price P;_1, . as their
expectation for Pt 4, i.e., E[P; ] = P;—1,.. Renormalizing prices so that P, = 1 and solving for zj ; yields the expression in

Equation (7).
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Table S3: Notation for the learnable ABM.

Symbol  Set Meaning

K N Number of income classes

L N Number of locations

N N Number of houses per location

B R[0, 1] Preference for attractiveness relative to affordability

Q N Total number of buyers at any time step

@ R0, 1] Probability to put house on sale

1) R[0, 1] Maximum reduction in seller reservation price

v R0, 1] Bargaining power of sellers

Al RE Intrinsic attractiveness

Y RE Income

r RE Fraction of buyers by income class

My RLXxK Number of housed agents

Ay RL Total attractiveness

Py RL Transaction price

" REXK[0,1]  Probability to choose a location

NtB RLxK Number of potential buyers

Ry RE Inventory of properties on sale

Nts RL Number of potential sellers

Pts RL Reservation price for sellers

Dy NL Number of transactions (Deals) that actually take place

P RLXK[0,1] Probability that an agent is selected among the buyers to
conclude a deal

DtB NLxK Number of potential buyers that complete a transaction

Df RLxK Number of potential sellers that complete a transaction

We first indicate the parameters K and L that determine the size of the variables, next we
indicate model-wide parameters (i.e., scalar quantities that are fixed in time) and location-
or income class-specific parameters (size L or size K), and finally variables that can be
location-specific (size L) or location-income-specific (size L x K). We further show which
quantities are constrained to the unit interval [0, 1].

We assume that a total of () agents come to the city at each time step looking to buy a house, and that a
share I'y, of these agents is in income class k. The number of buyers of income class k at location = at time £,
fo,k is given by

fo,k = QUxTt 2,1, (M3)

i.e., it is the expected value of a multinomial with QT trials and a probability vector given by the L values
of ¢ 4, for all locations x ((M3)).

S1.2.3 Supply

In each location x, the other side of the market is composed by sellers. We do not distinguish the income
class of potential sellers, in the sense that we just keep track of the total number of agents willing to sell their
house at location x at time ¢, Nf_,ﬂ. The total number of sellers is obtained by summing the number of agents
who wanted to sell at the previous time steps but did not succeed, R;_1 ., and the number of agents who
decide to put their house on sale at ¢. In turn, this number is given by a fixed fraction « of the agents that
had not decided to sell before ¢, which represent the difference between the total number of agents residing at
location x, N, and R;_1 .. In formula,

Ny =Ri1z+a(Ny — Ri_1a). (M4)

The way sellers determine their reservation price, i.e., the minimum price they are willing to accept, is
more sophisticated. Here, we assume that sellers are not willing to accept any price below the average price
at the previous time step, P,_1 5, as long as there are more buyers than sellers. This choice captures the
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idea that, in this situation (known as a “sellers market”), sellers have more bargaining power than buyers.
Conversely, when there are more sellers than buyers, sellers compete for the few buyers by being aggressive
in reducing their reservation price. So, they are willing to accept offers that can be below P._; .. We let

Ptz = (Zk b k) /N7 denote the ratio between the number of potential buyers and of potential sellers

at location x and time t. We then assume that sellers are willing to accept prices lower than P;_; , by a
fraction 4§ if there are more sellers than buyers, i.e., ¢; , — 0. Conversely, when there are more buyers than
sellers (¢, — 00), sellers are not willing to go below P,_; ,. We interpolate between these extreme values of
¢ by assuming a hyperbolic tangent functional form, i.e., we assume that the sellers’ reservation price wa is
given by
P?, = Pio1p(1=6(1 = tanh (Y N, 1) /NEL))) (M5)
k

Here, we assume that sellers decide on their reservation price independently of their income class.

S1.2.4 Matching

At this point, the two sides of the market have been completely characterized, as we know the number
of buyers in each income class fo,kv their reservation price Pf% > the number of sellers N1t > and their
reservation price P?,. It remains to be determined how buyers and sellers are matched,t and how this
matching impacts future prices and the social composition of neighborhoods.

To start, let Dy, denote the number of deals that occur at location = and time ¢, i.e., the number of
transactions that effectively occur between buyers and sellers. This number is given by the “short side of the
market” i.e., by the minimum between the number of potential buyers and potential sellers:

= min (Z bk IV, ) (M6)

In case there are fewer deals than potential buyers, i.e., D, < >, N, t = k» we need to decide which potential
buyers are successful in actually buying a house and Wthh are not.

To do so, we assume that demand is satisfied on a pro-rata basis, although correcting the pro-rata
assumption by making richer buyers more likely to secure a deal. This assumption captures a bargaining
process in a more tractable way than explicitly simulating an auction. Thus, the probability that k-agents are
able to secure a deal at location x and time ¢, denoted as Ftl?z’ &> s proportional to the number of potential
buyers in that class, wa, > multiplied by the difference between the reservation price of k-buyers and that of
sellers, i, — P,

Nta:k (Yk_P) )
Zk/(Ntzk"(Yk’_P ))

Then, we compute the number of actual buyers of class k at time ¢ in location x by a multinomial with
D, , trials and a parameter vector of length k given by 775% K

th?x,k = (M?)

D, = multinomial (Dy o, {7, 1 }x) (M8)

We further compute the number of actual sellers D Dy assuming that all agents living in location z are
equally likely to sell, and so the share of k-agents among the sellers is proportional to the share of k-agents
among the inhabitants, M;_; , 1/N:

Mt—l z,k

DS =D, ,—imlwk M9
tx,k — L, Z;C Mt—l,z,k’ ( )

As above, this simplification ensures tractability, as keeping track of the number of sellers in each class over
time would substantially increase the dimensionality of the space of state variables.
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Next, after we determine which buyers and which sellers are successful in securing a deal, we need to
determine the price of the transactions. First, we compute the average buyer reservation price Pfx as

Pfﬁv = Z(YkDfx,k/Zwa,k’) (MlO)
k K’

Then, we assume that the average transaction price is a weighted average between the reservation price of

buyers and that of sellers:
P.=vPE +(1-v)P?, (M11)

Here, v denotes the bargaining power of sellers as, the larger v, the higher the transaction price will be.?

S1.2.5 Update of state variables

It only remains to update the stocks of inhabitants M, , ;. of each class k in each location x and of unsuccessful
sellers R; ; in . For each class and each location, the number of inhabitants is given by the number of
inhabitants on the previous time step, plus the buyers who secured a deal, minus the sellers who were able to

sell:
My g =max (0, My_1 55+ DF, . — D7, 1) - (M12)

The number of unsuccessful sellers is obtained by summing the unsuccessful sellers on the previous time step
to the number of sellers at ¢, subtracting the number of deals:

)

Riw=Ri1.+N>, — Dy (M13)

S1.3 Comparison between the original ABM and the learnable ABM

We need to perform several modifications in order to make the original ABM learnable (see Table S4 for a
summary).

As a general principle, while in the original ABM the state of the system was described by the variables
of individual agents ¢, in the learnable ABM we only consider counts of how many agents are within each
income class. For instance, in the original ABM we keep track of the state s;;, income Y;; and location
x¢; of each agent ¢, while in the learnable ABM the variable M; , ; counts how many agents of income k
are either housed or sellers at location x, the variable R; , ; counts the sellers that were not successful in
selling, and so on. This general modification does not lose much information. Indeed, the key heterogeneity
that distinguishes agents in the original ABM is which income class they belong to, which is kept in the
learnable ABM. We discuss below some examples where considering agent counts makes (or does not make)
some difference. The rationale for this general principle is that we assume that we only observe aggregate
data at the level of locations, and so we must be parsimonious with unobserved variables.

We now discuss the modifications one by one. First note that the probability for buyers to search for a
home in a given location does not change from the original to the learnable ABM. For instance, although the
specifications look different, Equation (M1) and lines 1 to 9 in Algorithm S1 are identical. At the same time,
Equation (M2) is just a shorthand for lines 10 to 14.

When it comes to choosing a specific location, the learnable ABM essentially assumes the expected value
of the stochastic process used in the original ABM. In the original ABM, individual agents belonging to a
given income class k select a given location = by drawing from a categorical distribution—a multinomial
distribution with one trial (line 20). Because all buyers belonging to the same income class are identical and
have the same probability to choose a given location, it is completely equivalent to consider a multinomial
distribution with v trials. Indeed, this is what the learnable ABM does, except it considers the expected
value of this distribution (Equation (M3)). This choice is, once again, to limit the amount of stochasticity: as
the model does not observe potential buyers, it would have to estimate the realization of this variable, and
this may create computational problems.

31t is always sz > PEZ because (i) sz > P;_1,z (as only buyers whose reservation price is larger than P;_; ; come to
location z, see Equation (7)) and (ii) me < P;_1,4, see Equation (M5).
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Table S4: Comparison between original and learnable ABM. The first column reports the equation number of the learnable ABM
(Table 1). The second column reports the lines of code that perform the same operation in the original ABM (Algorithm S1).
The third column explains the changes. For each change, we indicate whether it fulfills principles P1 and P2.

Learnable  Original Changes

All All Do not track individual agents, only consider agent counts
(P1)

M1 lines 1 to 9 Identical

M2 lines 10 to 14 Identical

M3 lines 15 to 22 Instead of repeated draws from categorical distribution, use
expected value of multinomial distribution (P1, P2)

M4 lines 23 to 29 Instead of repeated draws from Bernoulli distribution, use
expected value of binomial distribution (P1, P2)

M5 line 27, lines 30 to 34 e Do not track the prices asked by individual agents, assume

instead a location-specific seller reservation price (P1).

e Make the reservation price depend on the ratio between
buyers and sellers, rather than discretely reducing it as sale
is unsuccessful (P2).

M6-M13 lines 35 to 37 e Remove random ordering of buyers and sellers that is not
observed (P1).

e Remove argmax operations (P2).

There is a similar difference in the computation of the number of sellers. The original ABM simulates
the decisions of sellers individually (lines 23 to 29). As soon as a given housed agent becomes a seller with
probability «, its state changes and that specific agent, from that point on, acts as a seller. In the learnable
ABM we treat sellers as undistinguishable, and so it is sufficient to compute new sellers by drawing from a
binomial distribution (in fact, by taking the expected value of that distribution, as in Equation (M4), again
to limit the amount of stochasticity).

There is a more substantial difference in the way sellers determine their reservation price. In the original
ABM they follow an aspiration level heuristic [19], i.e., sellers start from a markup on the market price
(line 27), and then they decrease their reservation price if they are unable to sell (lines 30 to 34). The outcome
of this heuristic is that prices tend to be higher in locations with higher demand, as sellers do not need to
decrease their initial price much. We implicitly capture this dynamics in the specification of Equation (M5),
as discussed in Section S1.2.3. However, according to our specification, all sellers in the same location have
the same reservation price. This choice allows to treat sellers as undistinguishable in the learnable ABM,
differently from the original ABM.

The final main difference lies in the way buyers and sellers are matched. Lacking information on individual
transactions, we cannot write a computationally tractable likelihood by keeping the explicit representation
of a continuous double auction (lines 35 to 37). So we try to keep its main features while using a more
tractable form. We achieve this by giving more probability to be matched to buyers with higher income
(Equation (M7)) and by computing the market price as the weighted mean of the average buyer and seller
price, as in the original ABM. Note that the model keeps some stochasticity in the way the matching process
works in the learnable ABM. In particular, we observe the number of transactions, and the realization of
the matching affects the evolution of the social composition at each location, which is a key property of the
model we wish to preserve.

S2 Supplementary results
In this section we discuss some additional results that were not shown in the main text.

S2.1 Hyperparameter selection

The learning algorithm described in Section B has a number of hyperparameters that must be set. It is
beyond the scope of this section to explore the performance of the learning algorithm for each combination of
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hyperparameters, so we only explain how we assign some hyperparameter values, and explicitly show the
effect of two hyperparameters that we consider particularly important.

Initial guess for My. The first expectation step of our expectation-maximization algorithm requires
an initial guess for My. We take a uniform My (i.e. a situation in which there is the same number of
inhabitants of each income class in each location) to which we add some random noise. The realization
of this noise is the only difference between runs of the learning algorithm on the same trace (all the
other steps are deterministic). We experimented with a few options for the variance of the noise, finding
that it did not have substantial impact on the results, and so simply decided to draw the noise from a
standard Gaussian pdf in logarithmic space.

Expectation-Maximization (EM) parameters. The EM algorithm keeps iterating the expectation and
maximization steps until some variables converge or up to a maximum number of steps. We use a 5%
threshold to decide on convergence, and allow for a maximum of 100 steps. Moreover, in the maximization
step the gradient descent algorithm requires a learning rate and a number of learning steps (within each
EM cycle). We choose a learning rate of 0.001 and a maximum of 4 learning steps. Overall, in our
explorations the results were not particularly sensitive to the EM parameters.

Number of epochs. In our preliminary experiments we found that going beyond 3 epochs only marginally
increased accuracy, and the marginal gain kept decreasing with the number of epochs. In light of this
preliminary evidence, we fixed the number of epochs to 5.

Parameter . The parameter ¢ in Equation (M5) has no counterpart in the original ABM, in which the
reservation price was set by individual sellers following an aspiration level heuristic. Thus, one needs to
choose a value of ¢ that makes time series generated by the learnable ABM as similar as possible to time
series generated by the original ABM. We experimented with a few values, noting that § = 0.06 seemed
to yield the most similar time series.

Other model parameters. All other parameters of the learnable ABM have a counterpart in the original
ABM, and so we select the same values for both. These are: L =5, K =3, N = 1000, Q = 500, a = 0.1,
v=20.1, 8=0.5,Y =[10,50,90], I' = [0.5,0.4,0.1].

This leaves two hyperparameters whose effect we want to explore.

Number of D” samples. As detailed in Section B of Materials & Methods, our EM algorithm only
considers a subset of all possible values of the latent variable whose likelihood is estimated in the
expectation step. If the number of samples is higher, we expect that the performance of the algorithm
improves, but this also leads to increased computational cost. We expect that increasing the number of
DB samples has a similar effect as increasing the number of epochs. However, because the sampling from
all possible values of D? is an original contribution of this paper, it is interesting to explicitly explore
how it affects the performance of the algorithm.

Standard deviation of the noise on observables, cp and op for ep and ep respectively. As detailed in
Section B, P; and D; are deterministic functions of their ancestors, and so in order to obtain a likelihood
we model their observed values as a noisy proxy of the deterministic values. How close the observed
values must be to the deterministic values is governed by a variance o: the higher o, the more observed
values can be far from model values. First, note that the scale of ¢ does not matter: if both op and op
are multiplied by the same number, the log-likelihood only shifts by a constant. What matters is the
relative value of op with respect to op. When op is larger than op, the learning algorithm should give
more importance to Dy, while in the opposite case it should give more importance to P;. To study this
effect, we set op = 1 without loss of generality, and vary op.

_Figure 56 shows the Pearson correlation coefficient p(M, M ) between the ground-truth M and the estimate
M in the 10 traces that we use as a training set, for different choices of hyperparameters. We consider three
values of the number of DZ samples, namely 16, 64, and 256, and three values of op, namely 0.01, 1, and 100.
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Figure S6: Hyperparameters selection for experiments with the original ABM, according to the Pearson correlation p(M, M)
between the ground truth M and estimated values M. On the horizontal axis, we show the tested values for op, which regulates
the standard deviation of the prior distribution of the errors on the observed variable D. On the vertical axis, we show the
tested values for the number of considered samples of the stochastic variable DZ (i.e. ||, described in Materials & Methods).

Increasing the number of D” samples monotonically increases p(M, M ), but the biggest gain is from 16 to
64 samples. The situation when changing op is less clear: except for the case of 16 DP samples, there is little
difference between op = 0.01 and op = 1, and a small degrade in performance when choosing op = 100.
These results suggest that P; and D; carry similar information for estimating the latent variables, and so
giving more importance to one variable over the other does not substantially change results (note that in our
simulations P; and D; are on the same scale). For simplicity, we select op = 1 for our experiments.

S2.2 Estimate of M, over time and epochs

Recall that, thanks to our online learning assumption, at each time step ¢ the algorithm estimates M, while
keeping all changes in the number of inhabitants in previous steps fixed. At the beginning of a new epoch,
EM estimates My starting from the latest estimate of My in the previous epoch, and then repeats the same
operations. A wildly changing estimate of My, both within the same epoch and across epochs, would indicate
that the model cannot converge on an estimate.

Figure S7 considers the same simulation as the one shown in Figure 3. It shows that the estimate of M|
is actually relatively stable, for most locations and income classes. For instance, in the case of locations
x = 0,2,3 there are no noticeable trends and the algorithm remains stuck in a local minimum that does
not correspond exactly to the ground truth (although it still has a good correlation). In locations = = 1,4
there appears to be a trend that moves the estimation of My closer to ground truth values (except for the
case x = 1,k = 0), but convergence seems slow and, in our view, does not warrant increasing the number of
epochs.

S2.3 Exploration of the loss

Here we explore in detail how the loss £ = —log P(D|My) depends on My in three settings, shedding light
into the performance of the algorithm.

We first consider the same simulation as the one shown in Figure 3 and in the section above, and focus
on time step 1, i.e. we take as observables D = {]51, ﬁl}. Further taking D to be the same as the actual
realization, we can explicitly compute the likelihood P(D|My) and hence the loss £ as the opposite of the
log-likelihood for several possible values of the variable we want to estimate, M. In particular, we vary the
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Figure S7: Estimate of My . x over time and over multiple epochs, for the same simulation as the one shown in Figure 3. Each
panel represents a value of location x and income class k.Each horizontal blue line is the ground truth value of My, each red line
is the estimate of My at a particular time step at a particular epoch. Black vertical lines distinguish the 5 epochs on which we
run our experiments, within each epoch we estimate Mg at each of 19 time steps.
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Figure S8: Heatmap of the loss (i.e., negative log likelihood) as a function of latent variables Mi—g =0 k=2 and Mi—g z=1 k=2,
representing the number of high-income inhabitants at two locations. The green star represents the ground truth value for these
two variables. On the x axis we omit values beyond 300 since their loss is much larger, for better presentation.

number of inhabitants with highest income (M , x=2) at locations x = 0 and = = 1, ensuring that the total
number of inhabitants at these locations remains equal to N. To do so, we fix the number of middle income
inhabitants (Mp 5 k=1) to their ground truth value, and fix the number of low-income inhabitants (M 4 x=0)
to Mo g k=0 = N — Mo 4. 1k=1 — Mo 2 k=2. These constraints make it possible to vary My ,—o r=2 between 0O
and 999 and My ;—1 k=2 between 0 and 992. These values of My include the ground truth, which corresponds
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to Mo z=0.k=2 = 0 and My y—1 k=2 = 815. (All other components of My are the same as in the ground truth.)

Figure S8 shows the loss as a function of these values of My, both taking the learnable ABM and the
original ABM as ground truth (for visualization purposes, we only show values of My ;=0 =2 between
0 and 300, all other values lead to a much larger loss). In the case of the learnable ABM (shown on
the left) there is no mis-specification, and the loss attains its minimum possible value. Since we take a
Gaussian with unit variance and zero mean to model the error on P; and D;, the minimum value of £ is
L =—log <Zi:0 1/+/2m exp (0)) — log (Zi:o 1/+/27 exp (0)) = —9.2 when the errors P, — P, and D, — D,
are zero. As we see from the heatmap, the loss is well-behaved, in the sense that it does not display local
minima and the minimum corresponds to the ground truth.

Interestingly, the gradient is much stronger when varying the number of high-income inhabitants at location
0, Moy z—o k=2, than when varying high-income inhabitants at location 1, My z—1 x—2. This effect can be
explained by the initial price (not shown) at location 1 being much higher than the initial price at location 0,
so that only the highest income agents can afford location 1 in the first place. Therefore, making location 1
more or less attractive by increasing or decreasing the number of high-income agents inhabiting it does not
make much of a difference to the distribution of buyers, compared to changing the number of high-income
agents at location 0, which all the population can afford.

The right panel of Figure S8 takes the original ABM as the ground truth. The heatmap is not much
different, thus suggesting that there is no major misspecification. However, the global minimum is a corner
solution, at 1000 high-income inhabitants at location 1 and 0 high-income inhabitants at location 0, in
contrast with the ground truth (the ground truth is the same for the original and the learnable ABM). Thus,
while correctly guessing that location 1 has a much higher number of high-income inhabitants than location
0, the algorithm would not yield a perfect estimate. This qualitative result is in line with the quantitative
results that we show in Figure 2 of the main paper.
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Figure S9: Log-likelihood of prices and transactions at all five locations as we vary the number of high-income inhabitants at
location 0. Here, the learnable ABM is the ground truth, and the ground-truth number of high-income inhabitants is represented
as a vertical grey line.

Next, Figure S9 shows the log-likelihood of prices log P(P;|M;) and transactions log P(Dy| M) as a function
of the number of high-income inhabitants at location 0, My y—o.r=2, when taking the ground-truth value of the
My 4—0,k=2 (and the learnable ABM is the ground truth). Essentially, by taking the negative sum of all the
components of the log-likelihood we obtain the loss, corresponding to a horizontal cut through the heatmap
in Figure S8 (left) at the vertical coordinate of the ground truth. The advantage of the representation in
Figure S9 is that we can understand how each component contributes to the loss, and whether there are
some non-linearities that give insights into difficulties to estimate the latent variables.

First, the log-likelihood varies much more with D; than with P;. As an intuitive justification for why this
is the case, consider the graphical model in Figure 5. In that graphical representation, P; is influenced by My
only through several intermediate steps, while D; is more directly influenced. In particular, changing the
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attractiveness of location 0 relative to the others changes demand across locations by a large margin, leading
to very different values of D, at each location. However, to propagate these differences to prices (at the same
time step!) we go through P;°, which only varies by a factor § = 0.0625 from the previous price, and so is not
as sensitive to changes in M.

Second, the maximum of the log-likelihood is correctly achieved at My y—¢ r=2 = 0, and then all components
of the log-likelihood monotonically decrease with My y—o k=2. Focusing on the transactions (which dominate
the loss), we see that the component of the likelihood corresponding to location = 0 is the most affected,
the likelihood at locations 2 and 4 is also strongly affected, while the likelihood at 1 and 3 is barely affected.
The reason is that buyers at locations 1 and 3 are almost exclusively high-income, whereas locations 2 and 4
have many middle-income buyers (as location 0 does). So, increasing the number of high-income buyers at
location 0 strongly decreases the number of middle-income buyers at 2 and 4 (in a sense, these three locations
get in competition), but it does not have a strong effect on locations 1 and 3.

Third, it is interesting that the log-likelihood for transactions at location 0 flattens out after a number of
high-income inhabitatns My z—o k=2 = 350. This effect is due to a supply constraint: increasing the number
of high-income inhabitants at location 0 substantially increases demand, but the number of sellers is fixed, so,
when the number of buyers becomes larger than the number of sellers, the number of transactions remains
fixed (Equation (M6)). Increasing the number of buyers still puts upward pressure on prices, and indeed the
log-likelihood of prices does not flatten out.
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Figure S10: Heatmap of the loss (i.e., negative log likelihood) as a function of latent variables My—o z—0 k=0 and Mi—g z=1 k=0,
representing the number of low-income inhabitants at the two locations of this model. The green star represents the ground
truth value for these two variables.

As a last example, we consider a simplified setting with L = 2 locations, which allows to visualize a higher
portion of the latent variable space than with L = 5 locations. Indeed, with L = 5 locations we have 10
degrees of freedom in M (considering K = 3 and the constraint that the total number of inhabitants is NV
at each location), but we can only visualize how the loss changes by varying 2 components and keeping all
others fixed. Instead, with L = 2 locations we only have 4 degrees of freedom, so varying 2 components of
My at a time gives a more complete picture.

For simplicity, we initialize the model with the same parameters as above, focusing on the locations 2 and
4 above. In this case, we have My—q k=0 = [451, 549,0] and My—1 k=0 = [614, 386, 0] as ground truth. This
time, we vary the number of low-income inhabitants Mg , x—1 at both locations, again using the same method
as above to ensure that the total number of inhabitants is always N at each location.

The results of this analysis are shown in Figure S10. Differently from Figure S8, here the minimum of the
loss is not attained at a single combination of values of Mj. Instead, all points on a line that crosses the latent
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variable space from M;—00,0, Myz=1,0,0 = [0,250] to [900,1000] lead to a value very close to the minimum loss
(with only two locations, this value is £ = —log (Zi:o 1/+/27 exp (0)) —log (Zi:o 1/+/27 exp (O)) =-3.7).
Intuitively, with just two locations, what matters is the relative attractiveness at one location compared to
the other location. So, as long as there are fewer low-income inhabitants at one location than at the other
location, several possible configurations of My lead to very similar values for the loss.

This situation constitutes an identification problem: the model is not able to identify the ground truth,
and any inference algorithm could converge on any value on the white line Figure S10. We conjecture that
similar issues could prevent the learning algorithm from obtaining a perfect estimate for M. Note that this
problem is not due to the translation into a learnable form, but intrinsic to the ABM under scrutiny: many
possible configurations of agents could lead to the same observable outcome. Our approach allows to formally
define and diagnose such issues, thus allowing ABM researchers to take into account the learnability of their
model from observed data.
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