Check for
updates

Evaluation, Reduction,
and Approximation of Dynamical

Systems and Networks with ERODE

Luca Cardelli', Giuseppe Squillace?®), Mirco Tribastone?,
Max Tschaikowski®, and Andrea Vandin*

1 University of Oxford, Oxford, UK
2 IMT Lucca, Lucca, Italy
giuseppe.squillace@imtlucca.it
3 Aalborg University, Aalborg, Denmark
4 Sant’Anna School for Advanced Studies Pisa, Pisa, Italy

Abstract. We present ERODE, a tool introduced in 2016 to analyze
and reduce differential equations and chemical reaction networks. Over
the years, it has been extended with further analysis and reduction tech-
niques, as well as formalisms including differential algebraic equations,
Boolean networks, networks, and Markov chains. ERODE can import-
export towards several tools, including Matlab, BioNetGen, Modelica,
PRISM, STORM, Stochkit, GINsim, SBML, and CoLLoMoTo. It also has
Python APIs.

1 Introduction

We present ERODE, a software tool originally introduced in [32] for the analysis
and reduction of ordinary differential equations and chemical reaction networks
(CRNs) [93]. Since its initial release, ERODE has seen substantial advancements,
with expanded support for modeling formalisms and the addition of new analysis
and reduction techniques.

This paper offers the first comprehensive overview of the current version of
ERODE, emphasizing its major enhancements compared to the original release.
Over the years, ERODE has been extended to support a broader class of dynam-
ical models, including differential algebraic equations (DAEs), Boolean networks
(BNs) [56], and general network structures [65]. In addition to exact reduction
methods for ODEs presented in [32], the tool now offers exact reductions for
DAEs and Boolean networks, as well as approximate reduction techniques for
large-scale ODE systems.

Another key advancement is a newly introduced Python APIs that facili-
tate the interaction with data science libraries like NetworkX [50] and Pandas
[63]. In this direction, the Python APIs provide new techniques for the com-
putation of network embeddings, enabling their use in machine learning tasks
and data-driven modeling. Interoperability has also been significantly improved,
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with import/export support for tools and formats such as Matlab [5], Model-
ica [46], SBML [52], PRISM [57], STORM [42], BioNetGen [15], StochKit [73],
and the CoLoMoTo environment [64]. We summarize in Table 1 the main differ-
ences between the features provided by the previous ERODE version [32] with
respect to the current version.

Table 1. Differences between the features provided by the old and the current version
of ERODE.

Features ERODE [32] ERODE state-of-the-art
Exact ODE reduction v v
SMT-based exact reduction v v
CRNs reduction v v
Approximate ODE reduction X v
Exact DAE reduction X v
Networks reduction X v
Boolean networks reduction X v
Python extension X v
Network embedding X v

2 Overview

ERODE is a modern IDE offering several functionalities, including syntax
highlighting, in-line error annotation, fix suggestions, and auto-completion. As
depicted in Fig. 1, the tool presents a flexible and configurable GUI composed
by several tabs with ERODE models in some of the supported formalisms. Inde-
pendently from the used format, an ERODE model contains: (i) a model spec-
ification section comprising parameters, variables with optional initial values,
model dynamics, etc.; (i) a list of commands to analyze, reduce, and export the
model.

The output of analyses is information on dynamics given in interactive plots
and CSV files. Reductions generate new ERODE models with fewer variables
while preserving the dynamics of interest, exactly or approximately, depending
on the used technique. Import and export are available through appropriate
commands or GUI’s wizards. ERODE can also be accessed programmatically
from Python.
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Fig. 1. ERODE: overview of input/output formats, and analysis/reduction commands

3 Input and Output Languages and Formalisms
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Fig. 2. Majority vote model dynamics

comes (yes/no) [25]. Figure2 depicts the model dynamics through an ERODE
plot view. Here, x0 approaches 200, while x1 and x2 approach 0. Indeed, x0 and
x2 denote the two different outcomes, while x1 is an intermediate status.

Differential Algebraic Equations (DAEs). DAEs [83] extend ODEs with algebraic
constraints. DAEs are often used to describe quantities, following conservation
laws like Kirchhoff’s laws in electric circuits. The ODEs in tab AM_ODE of Fig. 1
model a closed system, meaning that x0+x1+x2 remains constant to 200. Once
the values of two variables are known, that of the third one can be derived. Tab
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AM DAE of Fig. 1 shows a DAE system with two differential variables, x0 and x1,
and an algebraic one x2 whose solution is given by the constraint x2=200-x0-x1.

Chemical Reaction Networks (CRNs). CRNs [93] are a popular model for bio-
logical processes supporting both a deterministic and a stochastic interpreta-
tion based on ODEs and continuous-time Markov chains (CTMCs), respec-
tively [24,48]. Tab AMRN of Fig.1 shows a CRN encoding of AM. It has 3
variables, or species, x0, x1, and x2 that interact through 4 reactions (block
begin-end reactions). A reaction contains multisets of species on the left-
hand side, the reagents, that interact and produce the multiset of species on
the right-hand side, the products. A reaction executes (or fires) with a rate
proportional to the kinetic constant, given in ERODE after the products, and
to the current amount of its reagents (following the law of mass-action [93]).
Alternatively, a reaction can have an arbitrary rate (keyword arbitrary). The
first reaction in the figure states that whenever an instance of x0 and x2
interact, the former changes to x1, while the latter is preserved. CRNs where
all reactions have singleton reagents and products can be seen as CTMCs
or weighted graphs, formalisms for which ERODE provides specific analysis
techniques (see, e.g., [13,22,27,28,82]). CTMCs in explicit format supported
by PRISM [57] and STORM [42] (.tra and .lab files) can be imported using
the command importMRMC shown in tab importers of Fig.1. Given the rela-
tionship between CRN and ODE systems [48], ERODE provides the write
command, which enables conversion between an ODE system, its correspond-
ing CRN, and vice versa. In Fig.1 tab AM_RN, the command is invoked as
write(fileOut=‘‘AM_ODE.ode’’,format=0DE), specifying both the output file
name and the desired format. This generates the ODE system associated with
the original CRN model.

Networks. Networks are mathematical structures used to model entities and their
relationships [65]. The entities are given as a set of nodes N = {1,...,n}, while
the relationships by a symmetric adjacency matrix A = (a;;) € R"*”, where
a;; = 1 if there is an edge between node 7 and j, and a;; = 0 otherwise. In
other words, we consider undirected unweighted networks [65]. Networks can
be imported into ERODE, considering the associated linear dynamical system
& = Ax, with one equation and variable per node in the network. As discussed
later, we have established a formal relation among the backward reductions in
ERODE, and notions of network science like role equivalence [62], equitable
partitions [49], and centralities [65].

Networks in the de facto standard of format known as edgelist can be
imported in ERODE via Python APIs. The edgelist format, widely adopted
by major network libraries, e.g., the widely-used Python library NetworkX [50],
represents a network as a list of lines, each containing a pair of node identifiers
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¢ ‘IDnodel IDnode2’’, corresponding to a single edge. In the case of undirected
unweighted networks, like ours, weights are implicitly assumed to be 1, and the
edges ‘1 j’’ and ‘¢j i’’ are identical. We show in Sect. 5.1 how ERODE has
been integrated with NetworkX to import popular network repositories, process
and visualize them.

Boolean Networks (BNs). BNs [56,79] are established models to qualitatively
describe biological systems (e.g., [6,16]). In its simplest form, a BN can be seen
as a discrete-time qualitative abstraction of an ODE system: it consists of a set
of Boolean variables, each having a Boolean update function associated. Starting
from an initial assignment for each variable, discrete-time dynamics is obtained
by setting the new state of each variable as the evaluation of its associated
function. Tab BN of Fig. 1 shows a BN with variables x1, x2, and x3.

4 Underlying Techniques

4.1 Analysis

Numerical Solution of Differential Equations. ERODE is integrated with state-
of-the-art numerical solvers for ODEs and DAEs, namely Apache Commons
Math library [8] and the SUNDIALS! library [51]. Given initial conditions for
all variables, we can invoke these solvers to study the evolution of the variables’
values over time for a given time horizon. Figurel shows the commands used
for the different formats: simulateODE for CRNs and ODEs, for which we can
specify the library to use, and simulateDAE for DAEs, where SUNDIALS is used
by default. Alternatively, one can use the exporting commands exportMatlab,
exportModelica, and exportBNG to use the state-of-the-art solvers offered by
Matlab [5], OpenModelica [46] and BioNetGen [15].

Stochastic Analysis and Simulation. CRNs can also be analyzed stochastically
by simulating their underlying CTMC, the master equation [48], whose states
are integer vectors specifying the current population of each species. We inter-
face with the FERN library [44] featuring Gillespie’s Direct Method, Gibson
and Bruck’s Next Reaction, and tau-leaping (cf. [47]). Figure 1 shows the corre-
sponding command, simulateCTMC. One can also export to the state-of-the-art
simulator StochKit [73], or use generateCME to build the whole master equation.

Approzimate Analysis for CRNs. ERODE supports the linear noise approxi-
mation (LNA) of CRNs [17,20] (exportLNA, tab AM RN of Fig.1). LNA ana-
lyzes CRNs using a Gaussian process approximating its first and second-order
moments (Fig. 3).

! Due to upgrade issues, the SUNDIALS library is not currently supported in Ubuntu.
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4.2 Reduction

Ezact Reduction of ODFEs with Polynomial Derivatives. These models can be
reduced by forward or backward equivalence (FE and BE, respectively) [22,31,
33]. The former (reduceFE, tab AM_RN of Fig. 1) reduces models such that each
macro-variable represents the sum of variables in a block. The latter (reduceBE)
ensures that all variables in a block have the same value at all time points.

SMT-Based Exact Reduction of ODFEs with Richer Non-linearities. For ODEs
with non-linearities beyond polynomials (e.g., min/max, absolute values, and in
general Tarski’s decidable theory of reals [78]), we can use forward and back-
ward differential equivalence [23,37], conservative generalizations of FE and
BE, respectively (commands reduceFDE and reduceBDE, resp. see tab AM_ODE
of Fig.1).

Ezact Reduction of Stochastic CRNs via CRN-to-CRN Transformation. If inter-
ested in interpreting a CRN stochastically, one can reduce it by means of species
equivalence (SE) [29,34]. SE, command reduceSE, identifies a partition of the
CRN species and produces a reduced CRN where the marginal probability dis-
tribution of each macro-species corresponds to the probability distribution of the
sum of the original species in the corresponding block from the original CRN.

Approximate Reduction of ODFEs with Polynomial Derivatives. If interested in
more aggressive reductions that do not preserve exactly the model dynam-
ics, one can use e-differential equivalences [30,35] (commands approxFDE and
approxBDE) or differential hull [75,87] (command computeDifferentialHull).
These are relaxations of differential equivalences where the macro-variables
approximately represent the sum of the original variables within some com-
putable bound. Intuitively, the main idea is to perturb the model parameters as
little as possible to obtain a new model amenable to exact reduction. The error
arising through the parameter change is formally estimated via linearization [35]
or differential inequalities [87]. The centre and right of Fig. 4 exemplifies the dif-
ferential hull for an epidemiologic model from [87] describing a 2-class SIR model.
The model has six variables: si, ii, ri, for ¢ € {1,2} describing the susceptible,
infected, and recovered individuals in the two classes. The original ODEs are
given in tab SIR2 of Fig.4. Tab SIRRNHull union of Fig.4 contains the hull
to which, to ease presentation, we added the original model (highlighted). The
error estimation for il is depicted with dashed lines in the plot in the center of
Fig. 4, while the original solution is provided in solid line.

Similarly, we consider a recurrent model in biochemistry from [30], where we
analyze the dynamics of complexes such as receptors and scaffold proteins, which
have multiple binding domains [18,40]. In our prototypical model, a molecule A
possesses two independent binding sites, each capable of reversibly binding to
a molecule B. We denote by Ajg, Ag1, and A;; the molecular species resulting
from the binding of B to the first site, the second site, or both sites of A,
respectively. In this model, species with the same number of occupied binding
sites are assumed to exhibit identical dynamics, provided they share the same
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kinetic parameters. While this assumption simplifies the analysis, it is rather
restrictive and often unrealistic in real-world scenarios.

We model the system with
ERODE using CRNs, and demon-
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Ezact Reduction of DAEs with Linear Derivatives. Backward Invariance [81,83]
is a generalization of backward equivalence that can be used for linear DAEs, i.e.,
linear differential equations complemented by algebraic constraints. As shown in
tab AM_DAE of Fig. 1, this is performed in ERODE using command reduceBDE.
We note that the considered model is polynomial. Indeed, part of the theory
from [83] can be trivially extended to this case.

Network Reduction and Embedding. Networks with adjacency matrix A can be
reduced exactly and approximately by ERODE through differential equivalences
considering the associated dynamical system & = Ax. This is because in previ-
ous works, we established formal relations among our reduction techniques and
notions from network science. In particular, in [82] we showed how our exact
reductions preserve centrality measures such as Page Rank, eigenvector, and
Katz centrality [65]. Furthermore, we demonstrated how our backward equiva-
lence corresponds to the notion of exact role assignment [62]. This notion, widely
applied in the social sciences (see, e.g., [97]), assigns roles to each node and states
that two nodes with the same role have the same number of neighbors of each
role. Furthermore, these partitions are in line with the definition of equitable
partitions [49] employed to compute the embedding of a network [76]. A net-
work embedding consists of a matrix £ € R™*? with d < n, which encodes
nodes in a lower-dimensional space while preserving key properties of the origi-
nal network. The ERODE Python APIs provide exact and approximate versions
of BE tailored for networks (methods reduceNetworkEpsBE ) and the algorithm
to compute the embedding (method computeEmbedding).

Ezact Reduction of BNs. Boolean BE [10,12] is a recasting of BE to BNs. It finds
species that maintain the same activation status if initialized equally (reduceBBE
in tab BN of Fig. 1). BNs can be reduced by forward notions thanks to the general-
ized forward bisimulation (GFB) [9]. It is a reduction for general dynamical sys-
tems over commutative monoids, extending and unifying forward equivalences.
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GFB can handle various monoids, e.g., on the reals R or Booleans B, and is
applicable to both discrete- and continuous-time dynamical systems. E.g., using
monoid (R, +) we recover forward equivalence for ODEs; using (B, V) we obtain
forward reductions of BNs with macro-variables representing the disjunction of
the variables in a block. For monoids (R,-) and (B,A) we obtain non-linear
reductions of non-linear systems. The command supporting it is reduceFME.

5 Integration with Python

Recently, ERODE has also been offered as an API to be invoked from Python, as
exemplified in Fig. 6a. All features are made available through the ErodeHandler
class. First, it is necessary to start and connect to a JVM (lines 1-2). ERODE
models can be loaded as shown in line 4, while further formalisms can be
imported with corresponding import methods. Line 4 loads KAIC [41], a bio-
logical system with 4 species: 00, PP, OP, and PO. The model is reduced using
BE in line 5, obtaining the partition {00,PP} and {OP,PO}.

Line 7 simulates KAIC specifying the time horizon (1), the number of steps
(100), and the output file which can be processed using famous Python libraries
such as Pandas and Matplotlib (not shown in the figure). Line 9 generates the
plot in Fig. 6b. We can see pairwise equal lines in accordance with the BE reduc-
tion. Finally, in line 11, we stop the JVM. Additional features (approximations,
initial partitions, etc.) are specified in the GitHub page [2], where we provide a
Colab Notebook to use the tool online without any installation [1].

1 erodeHandler = ErodeHandler()
2 erode=erodeHandler.start_JvM() 24 —

— OP
3

4 erode.loadModel ("kaic.ode")

5 obtained = erode.computeBE();
6 1.0

7 erode.simulateODE(1.0,100, "kaic")

8 df_csv=pd.read_csv("kaic.cdat™) 0.5
9 df_csv.plot()
1@ 0.0

11 erodeHandler._ stop_server() 0 25 50 75 100

1.5

(a) ERODE-Python snippet (b) KAIC plot.

Fig. 6. Example of loading, reduction, and plotting of a model with ERODE via Python
and the resulting plot.

5.1 Extension for Network Embedding

We extended the functionalities of ERODE to compute network embeddings
via Python, integrating with the popular NetworkX library. In this section, we
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present a guided toy example to illustrate how network embeddings are com-
puted, demonstrate the interoperability between Python and ERODE, and clar-
ify the connection between ODE model reduction and the field of network embed-
ding. The example reported in this section and further experiments are available
on the Colab Notebook in [1].

ERODE analyzed networks by modeling them as linear dynamical systems of
the form © = Axz. Each node corresponds to a variable and an associated differ-
ential equation. The backward reductions can be used on this dynamical system
to find nodes with similar equations. Notably, these reductions are in line with
several well-established concepts in network science, such as equitable partitions
and exact role assignment, which are based on the idea that nodes sharing sim-
ilar roles have the same number of neighbors of each role. In [76] we exploit this
idea, proposing e-BE, an approximate version of backward equivalence tailored
for networks where the tolerance ¢ relaxes the original exact definition.

In Fig. 7, we report two partitions computed with e-BE setting € equal to 0
and 1, computed on the running example reported in [76]. Here, nodes belonging
to the same block present the same color (i.e., role) and the same number of
neighbors for each color, fostering the connections with exact role assignment
and equitable partitions. Notably, the exact reduction fails to group structurally
similar nodes into the same block, separating nodes 2 and 3 from node 1. This
occurs because node 1 has a different degree compared to nodes 2 and 3, despite
occupying a similar structural position within the network. In contrast, in the
approximate setting, a tolerance of ¢ = 1 is sufficient to overcome this limitation.
The reduction successfully groups these nodes together, effectively identifying
their shared role and capturing their intuitive structural similarity.

{{0},{1},{2,3},{4,5,6},{7,8,9,10}} {{0},{1,2,3},{4,5,6,7,8,9,10}}

Fig. 7. Resulting partitions with e-BE equal to 0 (left) and 1 (right). Nodes in the
same block have the same color.

In Fig.8, we report a snippet of code illustrating how to compute the 1-BE
partition and its corresponding embedding with the ERODE Python APIs. In
line 1, we compute the partition (method reduceNetworkEpsBE) specifying the
path to the edgelist file ( ‘example.edgelist’’), the number of nodes (11), and
the & value (1.0). In line 2, the resulting partition is converted into a Python
list. Lines 4-8 show how to integrate with NetworkX to visualize the partition on
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1 P = erode.reduceNetworkEpsBE("example.edgelist"”,11,1.0)
2 P_py=erodeHandler.j_to_py_ list(P,int)

4 plt.figure(figsize=(6,2.8))
5 colors = ["brown","c","orange"]
6 nx.draw(G,pos, node_color=[colors[i-1] for i in P_py], font_color = 'k',
7 edgecolors = "k", node_size=node, with_labels=True )
8 plt.show()
9
10 matrix= np.array(nx.adjacency_matrix(G).todense())
11 E = erodeHandler.computeEmbedding(matrix,P_py)

Fig. 8. Snippet of code showing how to use the ERODE Python API and its integration
with NetworkX.

networks. Finally, in line 10, the adjacency matrix is extracted using NetworkX,
and in line 11 we compute the embedding (method computeEmbedding) using
the adjacency matrix and the partition.

The resulting embedding £ € R"*? encodes each node in a smaller dimen-
sional space R? where nodes with the same role present similar vectors. The
number of columns d in the embedding corresponds to the number of blocks in
the partition, resulting in a significant reduction in matrix size.

Increasing the tolerance parameter € leads to a more compact network
embedding, but it may compromise the accuracy of node aggregation. To
address this issue, we introduced in [76] an iterative e-BE technique (method
reducelterativeNetworkEpsBE). This method accepts an initial tolerance &g,
a maximum tolerance A, and a step size ¢ as inputs. It begins by computing
the partition with £y and incrementally increases the tolerance by . At each
iteration, the partition is refined by collecting the blocks identified at different
tolerance levels until reaching the maximum tolerance A. This approach avoids
greedy node aggregation and allows the obtaining of useful aggregations of large-
scale benchmark networks [76]. The ERODE integration with Python allows to
carry further analysis on such embeddings using well-known machine-learning
libraries like scikit-learn [68] and SciPy [92].

6 Tool Availability, Targets, Interoperability, Case
Studies

The tool is freely available at [4] with a manual, and models. Its source code
is available at [3]. ERODE is multi-platform and has a rich modern GUI. Tool
papers [11,32], and tutorial-like presentations [85,90] have been provided. So
far, the tool targeted both teaching and academics. As regards teaching, it is
used in courses in the authors’ institutions and has been presented in PhD
schools [90]. As regards academics, it has been used in many publications, also
by external researchers (e.g., [19,39,74]), or to compare with further techniques
(e.g., [60,67]).
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The import/export to several formalisms and the interoperability with lan-
guages like Python [2,80] and Matlab [21,36] made ERODE applicable in
a wide variety of domains, including reachability analysis [35,75,77], model
reduction with formal bounds [30], network reduction and role assignment
[61,82,84], machine learning [76], control theory [14,28,43,55,58], biological sys-
tems [54,59,69,95] and others [26,53,86,88,91,96]. In some of these domains,
ERODE was evaluated against state-of-the-art tools, providing competitive
results in terms of effectiveness and efficiency. For example, in [35,75] we tested
ERODE against state-of-the-art tools in reachability analysis such as CORA [7],
FLOW* [38], and C2E2 [45]. In the machine learning field [76], we compare the
quality of our embedding against struc2vec [72], SEGK [66], DRNE [89], and
others.

Overall, ERODE has been applied for the reduction and analysis of many
models, including the about 600 CRNs and ODEs from the BioModelsDB [69, 70],
several BioNetGen models (CRNs) [22], the roubgly 100 BNs from GinSim [10],
and several electrical networks [35]. A selection of these models and all the ones
presented here is available at www.erode.eu/examples.html.

This paper summarizes the significant extensions made to ERODE through
years of ongoing research and development. The tool is actively maintained
and evolving, with new features targeting emerging application areas. Recent
advancements, such as network embedding techniques and Python integration,
demonstrate its growing versatility. In future work, we plan to continue the the-
oretical and technical development of ERODE, while also extending its appli-
cability to new domains where formal analysis and reduction techniques can be
effectively applied.
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